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This paper theoretically explores the effect of cost of financial distress on the design and calling of a bond.
A callable bond, in this paper, represents both callable non-convertible bonds and callable convertible
bonds. This paper adopts a game model of the manager-shareholder and the bondholder, wher the former
is a strategic player and the latter is a price-taker.

Regarding callable non—convertible debt, the model predicts that, in equilibrium, a firm defaults with the
same probability as in the case of issuing the optimal standard bond. It implies that a callable
non-convertible bond has no relative advantage over a standard bond when the cost of financial distress is
considered.

However, the model provides an interesting implication regarding the timing of call that a call price
applicable at a later time is relatively higher than a call price applicable for an earlier time as the cost of
financial distress is larger. It implies that a firm should expect to pay relatively higher call price if it calls
a bond later instead of calling right now. Thus, a firm is less likely defer calling because the marginal
benefit of deferring is lower. This result can be explained by that a firm issues a callable bond to reduce
the chance of financial distress. Calling a non-convertible bond tends to be expedited when the cost of
financial distress is large. Calling entails recapitalization. By exercising a call option embedded in a bond,
a firm repays outstanding debts and raise new funds. It tends to have a stronger incentive to exercise call
options early and thus avoid financial distress since the cost of financial distress is larger.

On the other hand. the model shows that a firm remains bond-financed in a strictly larger set and
defaults in a strictly smaller set of realized states in an intermediate period if it issues a callable
convertible bond instead of a non-convertible bond. A firm is defined to remain bond-financed if a bond
was issued in the beginning and has been neither called nor converted. Thus, a callable convertible bond
enhances, if any, the benefit of bond-financing because a firm remains bond-financed with higher
probability. It also mitigates cost of default because a firm defaults with lower probability. This result is
driven by the design of a convertible bond. A convertible bond is designed to be converted if the return of
a firm is relatively poor.

This implies that, if information asymmetry is incorporated. a relatively good firm may issue a callable
non-convertible bond for signaling while a relatively poor one issues a callable convertible bond. A good
firm can incur signaling cost by issuing a non-convertible bond because a non-convertible bond has
relative disadvantage. A poor firm chooses to be separated by issuing a convertible bond if it is better off.
It also explains the relatively poor performance of firms around a call of convertible debt reported by
existing literature. This may be further interpreted as implying that a call conveys negative information.
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In equilibrium, cost of financial distress ambiguously influences a sequence of call prices contrary to a
non-convertible bond. Thus, the theoretical prediction about the effect of cost of financial distress on
calling a convertible bond is ambiguous. A firm need not hurry calling to recapitalize because it becomes
equity-financed and, therefore, free from default risk once a convertible bond is forced to be called.

Key words: callable bond, convertible bond. cost of financial distress.

| . Introduction

This paper explores the effect of cost of
financial distress on the design and calling of
a bond. Cost of financial distress is defined
by the cost incurred during a restructuring
and/or liquidation.

A callable bond represents both callable
non-convertible bonds and callable convertible
bonds. A call option provides the issuing firm
an optional right to redeem the bond at a
pre~determined call price before maturity.
On the other hand, a conversion option pro-
vides the bondholder an optional right to
convert the bond into equity according to a
pre~-determined conversion ratio. Conversion
ratio is the number of shares a bond is
exchanged into upon conversion.

A callable bond might be issued primarily
to utilize favorable refunding opportunities
in the future. A firm faces an incentive to
issue a callable non-convertible bond when
they expect the market interest rate to fall

after issuance, and an incentive to issue a
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callable convertible bond when they expect
stock prices to go up. By calling outstanding
bonds, a firm refunds at a lower interest rate
(callable non-convertible bonds and non-
conversion forcing calls), or force bond-equity
swap (conversion forcing calls).

However, future refunding may not be the
only reason why a firm issues a callable
bond. In the United States, firms relied on
callable bonds more heavily during the late
1970s and early 1980s, when the market
interest rate kept rising, than during the late
1980s and early 1990s, when the market
interest rate kept falling. The one-year Trea-
sury bill rate in the secondary market showed
a uniform increase from 4.64% in December
1976 to 14.7% in August 1981. Thereafter,
the market interest rate fluctuated, generally
going down, but remained above 10% until
September 1984. The one-year Treasury bill
rate uniformly decreased from 9.93% in October
1984 to 3.33% in July 1993. According to
Moody's Industrial Manuals, about 90% of
the listed bonds issued from the late 1970s to
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1982 were callable, whereas only about 60%
of all bonds issued since 1983 have been
callable.

This paper predicts that the cost of financial
distress expedites calling a non-convertible
bond. The sequence of call prices of a non-
convertible bond is predicted to be more
steeply increasing as the cost of financial
distress is larger. Thus, a firm is less likely
to defer calling a non-convertible bond because
the marginal benefit of deferring is lower. On
the other hand, this paper predicts that the
effect of cost of financial distress on the call
prices of a convertible bond is ambiguous. In
addition, it predicts that, in equilibrium, a
convertible bond is (designed to be) con-
verted when the firm's return is relatively low.

The approach of this paper has a relative
merit over many existing works. It explicitly
constructs an equilibrium financing strategy,
and is able to elicit how a firm determines
the schedule of time-dependent call prices
and optimal call policy. Although providing
useful implications, some theoretical works
fail to explicitly construct an equilibrium
financing strategy. For instance, Harris and
Raviv (1985) analyze calling a convertible
bond separately from its design. In their
model, a firm is assumed to have a callable
convertible bond with call price zero so that
it can always force a conversion. Neglecting
the design of a financial instrument may

impair the validity of the derived implications
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unless it is theoretically justified.

The rest of this paper is composed as follows.
Section 2 reviews the relevant literature.
Section 3 examines the effect of cost of financial
distress on the design and calling of a bond.

Section 4 is a conclusion.

I|. Review of Literature

To explain the prevalence of callable debt,
previous studies have investigated whether
callable debt has a relative advantage over a
non-callable non-convertible bond or straight
equity. A non-callable non-convertible bond
is called standard bond hereafter. Existing
work suggests several potential advantages
of a callable bond: For instance, a callable
bond facilitates recapitalization, mitigates
cost of financial distress and/or agency cost
of debt, provides tax subsidy and signals

private information.

2.1 The Literature of Callable Non-Convertible
Debt

The literature suggests that the most pro-
minent function of a callable bond is to
facilitate recapitalization. In other words, in
compendium to a non-convertible bond, a call
provision facilitates issuing a new security.

For instance, Pye (1966) views a call provision

415



Jung Bum WEE

as a pure option to facilitate refunding when
the market interest rate falls. Vu (1986)
suggests that a call provision is included to
facilitate removing restrictive financing
covenants and, so, facilitates recapitalization.
He finds that a firm pays higher call pre-
mium if calling removes a restrictive covenant.
Narayanan and Lim (1989) also finds sup-
porting evidence. A significantly higher pro-
portion of callable zero-coupon bonds have
restrictive covenants compared with non-
callable bonds.

There are also secondary effects from the
refunding opportunity provided by a callable
non-convertible bond. Smith and Warner
(1979) postulate that a call provision mitigates
the agency cost of debt. When a firm is in
debt, the manager who acts in the interests
of the shareholders may attempt to extract
bondholder wealth in favor of the shareholders.
This action typically entails increasing the
firm's risk, which does not necessarily lead to
firm value maximization. Bondholders rationally
expect this kind of managerial incentive
distortion when evaluating the value of a
bond at the time of purchase, which results
in firm value reduction ultimately damaging
the shareholder interests. A call provision
mitigates this type of agency cost because it
facilitates refunding before maturity. This is
because the manager's action to reduce firm
value is penalized later at the time of

refunding. Further, Barnea et al. (1980) point
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out that, if it is possible to issue a callable
bond with state-contingent call prices, a firm
can eliminate financial distress risk and so
the incentive problem of debt. A firm elimi-
nates financial distress risk by exercising a
call option in the realized states in which a
firm would default otherwise.

Tax-deductibility of interest payment is
another potential advantage of a callable bond.
Because interest payment is tax-deductible,
financial leverage provides a benefit (tax-
subsidy). Another potential source of benefit
of a callable bond is tax rate differential
between individuals. Boyce and Kalotay (1979)
explain the universal existence of a call
provision, based on the tax differential bet-
ween the borrowers and the lenders. They
postulate that an agent in a higher tax
bracket has a lower after-tax discount rate.
Because a lender, who is likely to be an
individual investor, is in general in a relatively
lower tax bracket, prefers decreasing stream
of interest payment. A borrower also prefers
decreasing stream of expenditure. Therefore,
both parties prefer a callable bond because
the call price is non-increasing over time. In
addition, Narayanan and Lim (1989) analyze
the effect of tax rate on optimal call policy.
Calling depends on tax rate because both
interest payment and call premium are tax-
deductible.

Issuing a (callable) bond may signal private

information of the managers via a change in
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financial leverage. Increasing leverage is
predicted to convey favorable information
about a firm. In the signaling literature, a
manager makes a decision to issue or call a bond
in order to maximize his/her compensation. The
compensation scheme is predetermined, and
known to outside investors. Investors infer
firm characteristic from a financial decision
utilizing their knowledge about the compen-
sation scheme. Ross (1977) postulates that,
if default is costly, the managers of a rela-
tively good firm increase financial leverage as
a signal of firm type. A firm incurs a signaling
cost because the probability of default in-
creases with financial leverage. Robbins and
Schatzberg (1986) postulate that a relatively
good firm issues short-term debt (or a callable
bond) while a poor firm issues equity if a
manager is more risk-averse than both a
shareholder and a bondholder.

Previous empirical work supports the sig-
naling or tax effect of a callable bond. Vermaelen
(1981) suggests that the stock price reacts
positively after an increase in financial leverage
resulting from common stock repurchase.
Cornett and Travlos (1989) provide a similar
evidence. A leverage-increasing transaction
leads to an abnormal stock price increase
while a leverage-decreasing transaction leads
to an abnormal stock price decrease. Further,
Vu (1986) suggests that a firm calls a bond
to change financial leverage. possibly. for

signaling purposes. He finds that the stock
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price reacts in the same direction as a change
in financial leverage following a call.

2.2 The Literature of Callable Convertible
Debt

A callable convertible bond is an equity-
like as well as a debt-like issue. It can
replicate the cash flows of issuing callable
non-convertible bonds followed by those of
issuing straight equity.

Stein (1992) suggests that a callable con-
vertible bond is issued for deferred equity-
financing under asymmetric information. A
relatively good firm forces a conversion after
private information is released. Further,
Stein suggests that a good firm issues long-
term debt to signal its good type while a poor
firm issues callable convertible debt to
reduce default risk. A good firm can manage
risk arising from the issuing of a long-term
bond, whereas a poor firm cannot.

Both Smith and Warner (1979) and Green
(1984) postulate that callable convertible
debt mitigates the aforementioned agency
cost of debt more efficiently than callable
non-convertible debt. As discussed earlier,
the call option mitigates the agency cost of
debt because it offers a refunding oppor-
tunity before maturity. The conversion option
further mitigates the agency cost of debt
because it offers bondholders the right to

eventually be shareholders. In an equity-

417



Jung Bum WEE

financed firm, shareholder wealth maximiza-
tion complies with firm value maximization,
thus avoiding the agency cost of debt.
According to this view, a callable convertible
bond is a debt-like issue.

Dann and Mikkelson (1984) find that common
shareholders earn significantly negative abnor-
mal returns both at the announcement of a
convertible bond offering and at issuance. In
contrast, the effect of a non-convertible bond
offering is only marginally negative at the
initial announcement and almost zero at
issuance. They conclude that a convertible
bond is an equity-like issue.

The optimal timing of call and conversion
has also been studied in the literature. Bren-
nan and Schwartz (1977) claim that it is
optimal for a firm to call a convertible bond
as soon as the conversion value exceeds the
call price. Ingersoll (1977) finds that, in
practice, calling is deferred long after the
optimal timing predicted by Brennan and
Schwartz (1977). Harris and Raviv (1985)
attempt to resolve this apparent discrepancy
using a signaling argument under a condition
of information asymmetry. According to them,
a good firm voluntarily chooses to defer calling
to signal its good type, whereas a poor firm is
less likely to defer calling because it has
higher probability of being unable to force a
conversion in a later stage.

Empirical studies support that calling a
convertible bond is related with low perfor-
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mance of a firm. Lin and Chen (1991) find
that stock prices show a negative reaction to
the announcement of calling a convertible
bond. Ofer and Natarajan (1987) document a
drop in profitability upon calling a convertible
bond.

Ill. Cost of Financial Distress on
Financing Strategy of a Callable
Bond

This section analyzes the effect of cost of
financial distress on financing strategy of
callable bonds. A firm is defined to be in
financial distress when the value of existing
total asset including future business oppor-
tunity falls short of the value of the total
debt.

Restructuring/Liquidation is costly to a
firm. Rationally expecting this contingency, a
creditor properly incorporates the expected
cost of financial distress in evaluating the
value of a bond issue. Thus, it eventually
costs the shareholders. Among sources of the
cost, a restructuring or a liquidation normally
incurs a considerable amount of adminis-
trative cost including legal cost. In addition,
the resale value of asset must be accounted
for if a restructuring or liquidation involves
transactions of asset. The resale value of

asset is likely to be lower than the marginal
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productivity in the production process of the
original firm. Further, a bondholder may be
different from a manager and/or a shareholder
in a non-trivial way. After a restructuring, a
former bondholder may not be so efficient in
managing a firm or in monitoring a profes-
sional manager as an original shareholder.
Thus, a restructured firm may incur larger
managerial expense than otherwise.

This paper constructs a basic model of bond-
financing in which a firm issues a standard
bond. Then, it will be used as a benchmark
to be compared with issuing either a callable
non-convertible bond or a callable convertible
bond.

3.1 The Basic Model

A basic model is constructed as follows.
There is a firm held entirely by a manager-
shareholder at time zero (). The firm is
endowed with an investment project that can
run, at most, two periods. At f;, the firm
issues a standard bond to finance operating
capital of the project for the first period. If
the operating capital is fully funded, the
project is implemented. The project generates
a non-negative gross return at time one (#;),
denoted by J1, following a certain probability
distribution. Period 1 is defined as the time
interval between ¥, and f . Upon observing

the realized return of period 1, the manager-
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shareholder decides whether to hold the firm
one more period or to default on outstanding
debt. If the firm does not default, it funds
the operating capital for the coming period.
The project also generates a non-negative
gross return at time two (Z;), denoted by
Y2, following an identical and independent
probability distribution as 1. Period 2 is
defined as the time interval between ¥ and
;. The firm does not have an additional
investment project available and, therefore,
is liquidated at %, .

The probability density function of gross

return in one period is denoted by z(¥).
Assume 2(¥)>0 on [0, Ymax] for some Yomax ,

< ®©and z(y) =0 otherwise. In addition, z(»)
is differentiable inside of the interval and its
expected value E(¥)=R < This probability
density function of return is known to both
the manager and outside investors.

The firm needs lump sum operating capital
of amount K to run the project in one period.
For simplicity, assume that it initially has no
pecuniary capital. Thus, the firm raises a
fund of amount K by issuing a bond at t.
Assume K <R

generate positive expected net return in each

so that the project can

period. The firm behaves strategically in
designing a bond. There is a representative
outside investor who has fund sufficient to
implement the project in period 1. She is a

price-taker. The investor is willing to purchase

419



Jung Bum WEE

a bond at a price K if the expected gross
return from the bond is no less than K.
Assume that the risk-free market interest
rate is zero.

For the time being, assume that the firm
issues a standard bond maturing at tz.n
Provided the firm issues a bond and imple-
ments the project at %, it makes a decision
to default after Vi is realized at f;. There
are two possible paths of action at /. First,
if the firm does not default at f, the firm
funds the operating capital and runs the
project in period 2. If M1 exceeds K, the firm
retains the amount K for the operating
capital in the next period and pays the
shareholder ¥, — K as dividend. If W1 falls
short of K, the firm retains Y1, and issues a
new straight bond maturing at ¥, to fund the
difference, K- . The firm is liquidated
based on limited liability at . Second. if
the firm defaults on outstanding debt at /;,
the bondholder becomes the sole owner of the
firm. She acquires the remaining total asset
that is the sum of the realized return 1 and
the investment opportunity of period 2. The
bondholder decides whether or not to restruc-
ture the firm. If the firm is not restructured,
the bondholder recoups only Y1 . If the firm is
restructured, the bondholder recoups Y1 at

!, funds and runs the project in period 2,
and recoups the realized return Y2 at &, .

Default is costly to a firm. For simplicity,
assume that the firm incurs fixed cost of
financial distress D only if it is restructured
at & ZIn addition, default costs a firm at f
but not at £, . This does not affect the essence
of the conclusion. It is adopted to compare a
callable bond with a standard bond in terms
of expected cost of financial distress. In the
present model, a firm remains bond-financed
in period 2 if it does not default at 4. Thus,
a firm possibly defaults at ¥, . When a callable
bond is subsequently incorporated into the
model, a firm might be fully equity-financed
and, thus, free from default-risk in period 2
if it calls a bond at % . This exaggerates the
expected cost of financial distress of a
standard bond if default were costly at # as
well.

In summary, the structure of the game is as
follows. There are two players, namely, a
manager-shareholder and a representative
investor. The manager issues a standard
bond with face value F to raise the required
capital K at fo. If the manager raises the
required capital, he implements the project.
The manager decides whether or not to
default on the debt at % after the return is

1) Thus. calling is irrelevant.

2) It does not affect the essence of the conclusion even if a firm incurs default cost regardless of the restructuring

decision.
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observed. If the firm defaults at 4, the
bondholder acquires the entire remaining
assets of the firm and makes a decision to
restructure. A strategy of the manger-
shareholder consists of an action of designing
a bond at % and an action of default at 4.
The manager behaves strategically in designing
a bond. The manager makes a decision to
default as a function of the specification of an
outstanding bond and the realized return at
I, . A strategy of the investor consists of an
action of purchasing a bond at ! and an
action of restructuring a defaulting firm at
I, . The investor is a price-taker in purchasing
a bond. She purchases a bond at a price
equal to the required capital K if the
expected value is no less than K. The
investor makes a decision to restructure as a
function of the realized return at / and the
cost of restructuring.

(or the
manager) is represented by the face value of
F. and a

decision to default at #> 7 . Formally, a pure

A pure strategy of the firm

a standard bond issued at f .

strategy of the firm is denoted by s=
(F°,m’). The prescribed decision m® is
represented by a function m’ :{(F,y)}—
{M,NM} where M stands for “to default’
and NM stands for ‘not to default’. A pure

strategy of the investor consists of the
decision to purchase a bond at %, /, and a
decision to restructure at 4, n. Formally, it
is denoted by u=(/",n"). The prescribed
decision to purchase is represented by a
function /* :{F} — {L,NL} , where L stands
for "to buy” and NL stands for “not to buy’.
The prescribed decision to restructure is
represented by a function »*:{m,D.R}—>
{N,NN}  where N stands for a restructuring
and NN stands for non-restructuring. This
model only considers a pure strategy.g) The
strategy set of the firm is denoted by S and
that of the investor is denoted by U.

The payoff of a player is defined as the
The payoff

function of the manager-shareholder is, given

expected net return as of fo.

that his payoff is zero if the firm is not able

to implement the project at fo .

WZ(s,u) :WZ((F“',mS),(I“,n“ )N
0 if“(F)=NL
Pr(n’ (F°, ) = NM){E(y ' (F°, y,) = NM) -
) K+P(y, 2 F) E(y, - Fly, 2 F)}
ifMFS)=1L

The payoff function of the investor is, given
that her payoff is zero if she does not

purchase a bond at

3) Indeed. there does not exist mixed strategy equilibrium because pure strategy equilibrium is unique as shown

subsequently.
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Wi(s,u) = W\((F°, )" n)
0 if“(F*)=NL,
Pron’(F%, ) = NM){Pr(y, < F*)E(y, | y, < F°)
+Pr(y, 2 F)F )+ Prom’ (F*, y,)
= M)E(Q, | m*(F®,y,)=M)-K+R~D}
= if 1(F5y=L and n“(m*,D,R)=N)
P’ (F°, ) = NM) {(Pr(y, < F)E(y, | y. <F®)
+Pr(y, > F)F )+ Prim* (F°, ;)
= M)E(y, | m*(F®,3)=M)
if *(FSy=L and n*(m°,D,R)= NN

As the equilibrium concept, this paper adopts
a sequential equilibrium. A sequential equili-
brium coincides with a sub-game perfect
equilibrium under perfect information. Sub-
game perfection requires that, in equilibrium,
the firm makes a decision of default at %
based on the value of equity at £ . This value
is whichever is greater, the gross benefit of
default or that of not-to-default. The former
is zero under limited liability. The latter is
the sum of net dividend at 4, » - K and
the expected amount the shareholder recoups
at 1,Pr(y, 2 F)E(y,~F|y, 2 F)_ Then,
the firm does not default if ¥, 20, where
0=-K+Pr(y,2F)E(y,— F|y,2F), and
defaults otherwise. In addition, sub-game
perfection requires that the bondholder
restructures a defaulting firm if the total
benefit of restructuring is no less than that
of non-restructuring and, otherwise, does

not. The gross benefit of restructuring is

W+ (R-K)-D, and that of non-restructuring
is V1. For comparative static analysis of the
effect of cost of financial distress on financing
strategy, this paper sets up the range of cost
of financial distress so that a defaulting firm

is always restructured. Formally, assume
D<R-K 7Y

Definition 1. A sequential equilibrium of
the above financing game consists of a pure

strategy of the firm s~ and a pure strategy of

the investor «". Formally, (s',u") satisfies

s* =argmax W’(s, u),

s ef
andu’ = argmax W'(s ,u).
uel

In addition, sub-game perfection requires

NM if y, > 6
M otherwise.

m® (F° ,y1)={

andn” (n D.R) = {N if m* = NM
NN otherwise.
Assume R <2K . This condition is necessary
for a firm to be unable to issue a default-
risk-free standard bond. If R=22K |, a firm is
default-risk free. A firm can issue a standard
bond with a face value F such that the

4) Tit does not alter the essence of conclusion to assume that restructuring is never in the interest of the bondholder,

e, D>R-K.

422
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expected value of a bond equals K under
limited liability, provided that a firm does
not default at % . Face value F is chosen such
that Pr(y, <F)E(y,|y, <F)+Pr(y, 2 F)F =K.
The bondholder is paid Y2 if ¥, <F , and Fif
¥, 2F at t, With this bond. a firm never
defaults at % because the value of equity as
of & (»—-K)+(R-K), is non-negative for
all %120,

3.2 The Optimal Strategy of a Standard Bond

As a preliminary step to investigate the
relative advantage of a callable bond over a
standard bond. this section establishes the
optimal strategy of a standard bond. The
sub-game perfect equilibrium of this game,
as well as the games in the remainder of this
section, can be expressed as the solution of
an optimization problem of designing a bond
at f. An optimization problem is set up
assuming the following path of action. The
firm designs a bond to sell at a price equal to
the required operating capital of period 1, K.
It implements the project after raising the
required fund. A solution requires that the
firm earns non-negative expected net return.”
The optimization problem excludes a possibility
of issuing a bond at a price higher than the

required capital.ﬁ) The optimization problem
also excludes a possibility of raising a fund
less than the required capital because the
expected net return would be non-positive.
With regard to a standard bond, the problem

is simply to choose a face value F.

max W’ =Pr(y, 2 ){E(y, - K|y, 26)
+Pr(y, 2 F)E(y, - Fly, 2 F)}
F>0 (1
s.t. W20 (2)
Pr(y, <9)E(y,+ R-K - Dy, <9)
+Pr(y, 2 6){Pr(y, < F)E(y,|y, <F)
+Pr(y, 2 F)F} 2K (3)
5—K+Pr(y, > F)EQ, - Fly, 2 F)=0 (4

The objective function expresses the expected
net return of the manager-shareholder over
period 1 and period 2, which is the expected
return provided a firm does not default at
time 1. Constraint (2) requires that the
expected net return is non-negative. Con-
straint (3) states that the expected value of
a bond should be no less than K in order to
be marketable at a price K. The expected
value of a bond incorporates firm decision to
default in (sub-game perfect) equilibrium.
The first term is the expected return pro-

5) In fact, a solution with positive expected net return exists as shown in the following.
6) This does not alter the conclusion if a firm is assumed to invest, if at all, a redundant amount over the required

capital in a risk—free asset.
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vided the firm defaults at % . The second
term is the expected return provided the firm
Cost of default is

included in the expected return of the

does not default at f.

bondholder because she wholly owns a de-
faulting firm that bears the cost. Constraint
(4) states that the net benefit of non-default

is zero if ¥, =0 . The firm does not default if
¥, 20, and defaults if ¥} <6 .

Proposition 1. There exists unique solution
F? to this problem of designing a standard
bond. In this equilibrium, the payoff of the
manager-shareholder is the expected net
return from the project over peried 1 and
period 2 minus the expected cost of default.

Proof. See Appendix 2.

3.3 The Optimal Strategy of a Callable
Non-Convertible Bond

This sub-section further investigates whether
a callable bond provides relative advantage
over a standard bond when the cost of
financial distress is considered. Assume that
the firm issues a callable non-convertible
bond with call prices. €1 and €2, and a face
value f. For simplicity, assume that the firm
may call a bond only at either f after Vi is
realized or f, after V2 is realized. The firm

pays a call price € if it calls the bond at .
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and € ifit calls at £ .

The firm simultaneously makes a decision
to default and a decision to call at #. If the
firm defaults, the bondholder becomes the
sole owner of the firm. If the firm does not
default but calls a bond, the shareholder
recoups the realized return of period 1 and
funds both the call price and the operating
capital of the project for period 2. The share-
holder is paid net amount, ¥} —¢, — K and
becomes the sole claimant to the realized
return of % . If the firm neither defaults nor
calls, the shareholder recoups the realized
return of period 1 and funds the project for
period 2. The firm is liquidated based on
limited liability at .

whether to call at a call price €2, or repay at

The firm chooses

a face value fthe bond at ! if the realized
return Y2 is no less than min(c, /). The
firm defaults otherwise.

The scope of equilibrium firm action at 4
and % can be narrowed because the game
adopts a sub-game perfect equilibrium. First,
sub-game perfection prescribes the firm
action of redeeming a bond at {2 given that
the firm has neither defaulted nor called a
bond at 4.
whether to call the bond at a call price €2 or

At %, the firm can choose

repay it at a face value f if the realized
return Y2 is no less than min(c,, /), and
defaults otherwise. Thus, the value of a bond
and, thus, the action of a player depends
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only on min{(c,, /) in equilibrium. Without
loss of generality, assume that min(c,, f)=
¢, . Thus, the firm always calls a bond at £ .
If min(c,, f)=f it suffices to replace ¢
with fin a solution.

Second, the prescribed firm action of
defaulting and calling at /i depends on the
specification of a bond issued at ‘o and the
realized return V1. In case ¥ 20 = 4(c,),
the firm certainly does not default and has a
choice whether to call a bond or not. It makes
the decision based on the relative net benefit
of calling. The (relative) net benefit of calling

as of £, is {(y —K)—¢; + R} = {(y, - K) + Pr(y,

2¢,)E(y, —¢,|y, 2¢,)} . The first term is the
total benefit of calling, i.e., the sum of net
dividend, (negative) call price and the total
value of the project in period 2. The second
term is the gross benefit of non- calling, i.e.,
the sum of net dividend at % and the expected
amount the shareholder recoups at > 7
Then, calling is preferred if the call price is
less than the value of uncalled bond, i.e., if
¢, <R-Pr(y,2c,)E(y,-c,

Vy2e,)=Pr(y, <
¢)E(y|y, <))+ Pr(y, 2 ¢,)e, . On the other
hand, in case ¥, < &¢ , the firm defaults unless
it calls a bond. The (relative) net benefit of
calling equals the total benefit of calling,
() —K~-c¢,+R) | because the firm defaults

if a bond is not called.” It follows that the
firm calls a bond if the call price €1 is no
greater than the value of the firm at time 1,
ie. if ¢, £y, +R-K  and defaults otherwise.
The equilibrium firm action at time 1 and
!, prescribed by sub-game perfection, is sum-
marized as follows. First, the firm defaults at
Loif » <6 and ¥ <¢ —(R-K)or, equi-
valently, if Y1 <H, where '

u=M(c,c,)
=min(c, Pr(y, < Cz)E(y2IY2 <¢;),
+Pr(y, 2 ¢,)c;) - (R-K) (5)

Second, the firm calls a bond at f; if Y1 2 4
and ¢ <Pr(y, <c¢,)E(y,ly, <c,)+Pr(y, 2¢,)c,.
Third, the firm neither calls a bond nor defaults
if M2 M and 6 2Pr(y, <) E(|y, <¢,)
+Pr(y, 2¢,)¢,. A bond is, thus. called at a

call price €2 at f,. For future reference,

denote the value of a callable bond of

non-defaulting firm as of #; by

B =B (c,,c,) =min (¢, Pr(y, <c,)
E(y, Y2 <6)+Pr(y,2¢,)c,) . (6)

Note that Bc is greater than the value of
restructured firm, ie., B >»+R-K-D
for y, <y

7) Assume that the firm does not call a bond if it is indifferent between a call and non-calling.
8) Assume that the firm does not default if it is indifferent between defaulting and non-defaulting.

AYEIT M35 M2% 20064 4Y
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The problem of designing a callable non-

convertible bond is expressed as,

max W? =Pr(y, > u)
E(,~-K-f-+R|y2p)

B-20 (7

st. W20 (2)
Pr(y, < #) E(y,+R—K—D|y < p)

+Pr(y, 2 p) - 2K (8)

u=pe-(R-K) (6)

The objective function is the expected net
return to the shareholder over period 1 and
period 2. Constraint (8) states that the
expected value of a bond should be no less
than K. The first term is the expected return
provided the firm defaults at ;. The second
term is the expected return provided the firm
does not defaults at % . Constraint (6) states
that the firm is indifferent between defaulting
and non-defaulting at f if the realized gross
return at 41, V1. equals 4 . The firm defaults

if I <M and, otherwise, does not.

Proposition 2. There exists unique equili-

brium for issuing a callable non-convertible

bond (with non-state-contingent call prices).
The equilibrium is essentially identical to
that of issuing a standard bond. The firm
defaults in an identical set of realized
returns at f, the shareholder receives an
identical expected payoff and the firm
remains bond-financed in an identical set of
realized returns at 4. Finally, 2 is relatively
higher compared with €, in equilibrium as

the cost of default D is larger, in the sense

8(de, 18¢) S
oD

that 0.

Proof. See Appendix 3.

Proposition 2 implies that a callable non-
convertible bond has no relative advantage
over a standard bond when the cost of
financial distress is considered. This is
driven by the design of the bond. The manager
minimizes the probability of financial distress
or, equivalently, minimizes the value of a
bond as of fi. It turns out that, in equili-
brium, a firm defaults with the same pro-
bability as in the case of issuing the optimal

standard bond.”

9) Barnea et al. (1980) point out that, if it is possible to issue a callable bond with state-contingent call prices, a firm
can eliminate cost of financial distress. A call price is defined to be state-contingent if it is determined by a
non-trivial function of realized return at time 1. The function is specified in a call provision at the time of
issue.However, this paper precludes the possibility of issuinga callable bond with state-contingent call prices. This is
not a restrictive assumption because a callable bond with state-contingent call prices is rarely observed in practice.
It may not be optimal to make this kind of contract because of the considerable cost of writing and enforcing such a
contract. Specifically, it costs the parties of contract to verify the realized return and a callable bond with
state-contingent call prices need specify the accounting method at the time of issue. However, it may benefit both
parties to allow a firm to choose accounting method after the issuance instead of imposing a particular one.
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It provides an interesting implication re-
garding the timing of call that a call price
applicable at a later time is relatively higher
than a call price applicable for an earlier
time as the cost of financial distress is
larger. It implies that a firm should expect to
pay relatively higher call price if it calls a
bond later instead of calling right now. Thus,
a firm is less likely defer calling because the
marginal benefit of deferring is lower.

This result can be explained by that a firm
issues a callable bond to reduce the chance of
financial distress. Calling a non-convertible
bond tends to be expedited when the cost of
financial distress is large. Calling entails
recapitalization. By exercising a call option
embedded in a bond, firms repay outstanding
debts and raise new funds. They tend to have
a stronger incentive to exercise call options
early and thus avoid financial distress since
the cost of financial distress is larger.

3.4 The Optimal Strategy of a Callable
Convertible Bond

The following analysis shows that a callable
convertible bond mitigates the expected cost
of financial distress compared with a standard
or a callable non-convertible bond. The model
is extended to analyze a strategy of a callable

convertible bond. The firm issues a callable

convertible bond at time 0 with call prices 1
and V2 , and a dilution factor € ."” The dilution
factor is the proportion of total equity the
holder of a convertible bond acquires upon a
conversion. Assume that a convertible bond
may be converted after the realization of
return of period 1 at # only. It is for simplicity
not to allow a conversion at fo because the
preferences of the manager is subsequently
specified such that a bond is not converted at
Iy in equilibrium. This model excludes con-
version at time O to focus on strategy of
borrowing. Recall that no new information is
released until 4. A bond is essentially
straight equity if it is converted at fo . Further,
this model does not explicitly incorporate the
action of converting after the realization of
return of period 2 at f; because a sub-game
perfect equilibrium action is prescribed in a
straightforward manner at the end of the
game: the realized value of a callable
convertible bond at > is fully accounted in
terms of expected value in the decisions to
call and to convert in earlier periods. In
addition, it does not affect a solution whether
a firm makes a decision to call before or after
a bondholder makes a decision to convert. In
a sub-game perfect equilibrium, a firm
always calls a bond if the call price is less
than the value of uncalled bond. And, a

bondholder always converts a bond if the

10) Assume that face valuf, > v..
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conversion value is greater than the
minimum of the call price and the value of
uncalled bond.

The firm simultaneously makes a decision
to default and a decision to call at 4,
provided that a callable convertible bond is
not converted at . If the firm defaults on
outstanding debt, the bondholder becomes
the sole owner of the firm. If the firm does
not default at i, it makes a decision to call
and the bondholder makes a decision to
convert. There are three possible paths of
action. First, in case a callable convertible
bond is neither called nor converted, the
original shareholder recoups the realized
return of period 1 and funds the project for
period 2. The firm is liquidated at ; based
on limited liability. Second, in case a bond is
called but not converted, the original share-
holder recoups the realized return of period
1, and funds both the call price and the
project for period 2. The shareholder becomes
the sole claimant of the firm. Third, in case a
bond is converted, the new shareholder has
claim only to the dividend of {. At &, the
original shareholder is paid net dividend,
»,—K | and funds the project for period 2.
At Ty, both the original and the new share-
holder are paid a dividend according to their
proportions of total equity.

This model assumes that the new share-

holder is paid a dividend only at ¥, if the
bond is converted at f, for two reasons.
First,

conversion option being a (partial) substitute

it eliminates the possibility of a

of state-contingent call prices. If conversion
value depends on realized return of %, a
conversion option (partially) replicates the
effect of state-contingent call price because
conversion value is a kind of redemption
price of a bond. Second, it accentuates the
function of a convertible bond as a debt
issue. Alternatively, the model can be re-
specified such that the new shareholder is
paid dividend at both % and #, regardless
when a bond is converted. In this instance, a
convertible bond is effectively an equity
issue. However, it is preferred for a con-
vertible bond to have an aspect of debt
because this analysis presumes that there is
certain benefit of bond-financing despite
non-trivial cost if default. In addition, it is
possible to re-specify the model such that the
initial shareholder can choose upon a conversion
whether or not to fund the project for period
2. However, the solution is essentially identical
as shown subsequently.

A certain restriction on the manager's
preferences is adopted to preclude mitigating
default-risk by designing a callable convertible
bond close to straight equity.m For instance,
a firm is free from default-risk if a callable

11) This analysis presumes that there is certain benefit of bond-financing which dominates over non-trivial cost of default.
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convertible bond is deemed to be converted in
all realized states at . Then, the convertible
bond is essentially equivalent to equity issue.
Thus, the manager preferences are restricted
in a certain manner to prevent a convertible
bond that is designed to emulate equity-
financing. Specifically, the manager-shareholder
strictly prefers to remain bond-financed
without defaulting in a strictly larger set of
realized V1. If more than one strategy pre-
scribes an identical set of realized returns in
which a firm remains bond-financed, the
manager-shareholder strictly prefers a one
with strictly larger expected payoff.m In
addition, a criterion on equilibrium is adopted
to prevent designing a convertible bond
inferior to a non-convertible bond in terms of
the expected return to the manager. Speci-
fically, in equilibrium, the expected payoff of
the shareholder should be no less than that from
issuing the optimal callable non-convertible
bond. Thus, a callable convertible bond is,
presumably, designed to be converted in a
non-degenerate set of realized returns at /
in equilibrium. Otherwise, a callable convertible
bond is essentially equivalent to and has
no relative advantage over a callable non-
convertible bond. Further, a callable con-
vertible bond is not designed to be converted
in all realized states at f; in equilibrium

because, otherwise, the firm does not remain

bond-financed in any realized state.
Sub-game perfection further narrows the
scope of equilibrium strategy as described in

Lemma 1.

Lemma 1. In equilibrium, for some value
N, O0<n<u,=M(@,v,) a conversion is
strictly preferred at time 1 if Y1 <77, weakly
preferred if Y1 =7, and the firm remains
bond-financed without defaulting if ¥ 27,77
is expressed as 7 =¢e¢ xR—(R-K-D),

Proof. See Appendix 4.

An equilibrium is characterized by the solu-
tion of the following problem of designing a
callable convertible bond, equation (9) through
(14).

max W’ =Pr(y, <n')(1-€)R
+ Pr(yz2p) B
B.e e, (9)

Define ¥V ={f,.¢}| (B,,€) 2(0,0),(B,,¢) is a
solution for the following system, equation

(10), (11), (12), (13) and (14)}. ¥, is defined
as the set of (B,.e)of which B, is the

minimum among all the elements of V.
Formally, ¥, ={(8.,¢")| (8.,¢) =argmin 4,

s.t.(B.,e)e V} . A solution is constrained by

12} It is unnecessary to specify the preferences in further detail

HYSAT HasA H22 20064 48
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the set ¥; to maximize the set of realized
states in which the firm remains bond-
financed.

wé>w?(c ,c,)
=2R-K)-Pr(y <u")D (10)

Pr(y, 2mexR+Pr(n <y, < pm,)
E(y,+R-K-D|n<y <mp)

+Pr(y,z4,) B, 2K (11)
B, zexR (12)
f,=M@,v,)=p,-(R-K) (13)
n=exR—(R-K-D). (14)

The objective function (9) expresses the
expected payoff to the shareholder. The first
term is the expected payoff to the share-
holder provided a bond is converted when
V<1 at time 1. The second term is the
expected payoff provided a firm does not
default and a bond is not converted when
Y1 <4, The firm is to default when 7 <
< H, . The inequality (10) requires that the
expected payoff to the shareholder is no less
than that from issuing the (optimal) callable
non-convertible bond. The inequality (11)
states that the value of a bond as of time 0
should be no less than the principal amount
of borrowing K . The first term of the left-
hand side is the expected payoff to the
bondholder provided the bond is converted at

Jung Bum WEE

I, . The bond is converted if the conversion
value exceeds the value of restructured firm,
ie., if ¥y Sn=exR—(R—K-D) The second
term is the expected payoff provided a firm
defaults at %, i.e., when 7<% <4, ¥ The
third term is the expected payoff provided a
firm does not default and a bond is not
when Y127,. The

inequality (12) states that the conversion

converted at f, i.e.,

value is no more than the value of non-
converted bond as of % provided ¥ Z 4, .
This is required for the firm to remain bond-
financed in a non-degenerate set of realized
states at f. The equation (13), which is
adapted from equation (5) and (6), defines
H. The equation (14) defines 7.

Proposition 3. There exists a unique equili-
brium strategy for a callable convertible
bond. In this equilibrium, a firm defaults in a
strictly smaller set of realized states, and so
mitigates cost of financial distress. The effect
of cost of financial distress on the call prices
of a convertible bond is ambiguous in the
sense that the sign of 0 —~(av26/Dav‘) is in-

determinate in equilibrium.
Proof. See Appendix 5.

In equilibrium, the firm action at time 1 is

13) In a solution, this second term may be degenerate, i.e., 7T=H4,
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as follows. If y, <’ =e’xR-(R-K-D)
< ,uvd . the bond is converted. If 79 < y, < ,uvd ,
the firm defaults. The firm is not willing to
call the bond, and the bondholder does not
convert because the conversion value is less
than the value of restructured firm. If,
however, the solution implies 7¢ = 1, , the

firm never defaults. If y, 2 ', the firm
does not default and remains bond-financed.
The bond is to be redeemed based on limited
liability at f; because it is neither called nor
converted at .

Proposition 3 is driven by the design of a
convertible bond. A convertible bond is
designed to be converted if the return of a
firm is relatively poor and so the conversion
value exceeds the value of restructured firm,
i.e., when y, < nd . Thus, the call prices can
be set lower than those of the optimal
callable non-convertible bond. This reduces
the set of realized states in which the firm
defaults.

This implies that, if information asymmetry
is incorporated, a relatively good firm may
issue a callable non-convertible bond for
signaling while a relatively poor one issues a
callable convertible bond. A good firm can incur
signaling cost by issuing a non-convertible
bond because a non-convertible bond has
relative disadvantage. A poor firm chooses to
be separated by issuing a convertible bond if
it is better off.

YA H35A ®22 20064 4%

It also explains the relatively poor per-
formance of firms around a call of convertible
debt observed by Lin and Chen (1991) and
Ofer and Natarajan (1987). This may be
further interpreted as implying that a call
conveys negative information.

In equilibrium, cost of financial distress
ambiguously influences a sequence of call
prices contrary to a non-convertible bond.
Thus, the theoretical prediction about the
effect of cost of financial distress on calling a
convertible bond is ambiguous. A firm need
not hurry calling to recapitalize because it
becomes equity-financed and, therefore, free
from default risk once a convertible bond is
forced to be called.

IV. Conclusion

This paper explores the effect of cost of
financial distress on the design and calling of
a bond. It predicts that the sequence of call
prices of a non-convertible bond is predicted
to be more steeply increasing as the cost of
financial distress is larger. Thus, a firm is
less likely to defer calling a non-convertible
bond because the marginal benefit of deferring
is lower. On the other hand., a firm can
mitigate cost of financial distress by issuing
a callable bond compared with non-convertible

debt. In equilibrium, a convertible bond is
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(designed to be) converted when the return
of a firm is relatively low. In addition, the
effect of cost of financial distress on the call
prices of a convertible bond is ambiguous.

However, these implications might depend
on the assumption that a firm is fully equity-
financed for period 2 if it calls a bond at 4.
This means that a firm is free from default-
risk once it calls outstanding debt. It remains
for further research what if a firm funds the
call price by borrowing.
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APPENDIX

Appendix 1. Table of Notation

Symbol Description
ti time point 7, i = 0, 1, 2
yi return of the firm at ¢;, i = 1, 2
F face value of a bond issued at ¢o
m firm's decision to default at t;
) Investor's decision to purchase a bond at ¢
n Investor's decision to purchase a bond at to
s pure strategy of the firm
u pure strategy of the investor
R expected value of the project
K required capital for the project
D fixed cost of financial cost
0 cut-off level of return for default

Appendix 2. Proof of Proposition 1

The solution of equation (4) is a continuous
and differentiable function, ¢ = 4(F)

§=4(F)=K-Pt(y, 2 F)
E(y,—Fly,2F), and 4>0. (4"

To prove this, note that a solution, & =
A(F), exists because the right hand side of
equation (4") is finite. Note that A(F) is
strictly increasing in F . 4(F) is continuous

and differentiable by the assumption about

434

the underlying probability distribution of
return. Thus, the partial derivative 4'(F¥)>0.
Equation (3") from
6 = A(F) into constraint (3).

follows substituting

Pr(y, <A(F)E(y,+R-K-D|y, <A(F))
+Pr(y, 2 A(F)){Pr(y, < F)E(y, |y, <F)
+Pr(y, 2 F)F} 2 K. (3)

A solution to the objective function (1)
subject to constraint (3") is unique because
the objective function is strictly decreasing in
F. (Thus, constraint (3") holds with equality
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in a solution because the left-hand side of
inequality (3) is strictly increasing in F.)
Assume that there does exist a solution Fd
which also satisfies constraint (2). Otherwise,
the problem is meaningless because the
project is not worthwhile to implement due to
the burden of the cost of default (as long as
the firm issues a standard bond). In equili-
brium, the expected payoff of the manager-
shareholder fully accounts for the net benefit
of the investment opportunity including the
expected cost of default. Formally, the payoff
of the manager-shareholder is

W*(F*)=2(R-K)-Pr(y, <6")D,
where

o =K -Pr(y, 2Fd)E(yz ~F"|y, >F").

The expected value of the bond as of time 0

is expressed as,

Pr(y, <8)E(y,+R-K-D|y, <5%)
+Pr(y, 2 6){Pr(y, < F)E(y, |y, <F%)
+Pr(y, > F)F'y =K

Appendix 3. Proof of Proposition 2.

A solution B¢, if at all, is unique because
the objective function (7) strictly decreases
in Bc (and M strictly increases in B¢ ). From
a comparison of this problem with the
problem of designing a standard bond, it

AT M35 H2E 20064 49

follows that there is a unique solution B which
meets constraint (2), constraint (8) with equality
and constraint (6), where B¢’ = Pr(y, < F*)
E(y,|y, <F')+Pr(y, 2 F')F

The solution is essentially identical to that
of designing a standard bond. In particular,
the firm defaults in an identical set of realized
states, v |y, < 4} where 4 =ﬂ<~d —(R-K)
=5 Assume that a call price is set to equal
the minimum value as long as the implied
strategy is essentially identical. Then, from
equation (6), it follows that the firm issues a
callable non-convertible bond with call prices
Cld and Czd (and a face value S*) such that
Cld =Pr(y, < Czd)E(yz |y, < czd)'*’Pr()’z 2 Czd)
&' and &' =F" (and f* 2 ¢,"). The firm does
not call the bond and remains bond-financed
in a set of realized states, |y, 2 4%} In
equilibrium, the expected payoff of the
shareholder is identical with that of the
standard bond because the firm defaults with

the identical probability. Formally, WZ(C.(I,ng)
=2(R-K)-Pr(y, < ")D =2(R-K)-Pr(y,< 8)D

=WA(F") The expected value of the bond as of

lyis expressed as,

Pr(y, <,ud)E(y1 +R-K-D]|y, <,ud)
+Pr(y, > B =K . (8)

In equilibrium, ¢ = yz()dy+c,I7 2(y)dy.
Thus, acld /6czd = Jf d’(y)dy .
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Then =—z(c," )

)< 0 because

dc,” .
:(;—5)>O. Thus, the sequence of call prices

is more steeply increasing as cost of default,
aoe, ' 10¢") S0

D, is larger, i.e.,
& oD

Appendix 4. Proof of Lemma 1.

Suppose that a convertible bond is issued
at time 0. Then, the firm makes a decision to
default and a decision to call at time 1. Refer
to equation (5) and note that the firm
defaults unless a bond is converted if
W<, =M@,v,)=8,-(R-K) where B,
=B(v,v,)=min(v,Pr(y, <v,) E(y, | y, <v;)
+Pr(y, 2v,)v,) . B, is the value of a callable
convertible bond as of  provided it is not
converted and the firm does not default at ;.
Note that the conversion value of a callable
convertible bond as of f is exR forall
% 20 because a new shareholder is paid a
dividend according to his portion of equity,
e, atl;.

If a conversion is preferred for some realized
return ¥, =7" at {1, a conversion is preferred
for all realized return no greater than 7'. To
prove this, first, consider the possibility 7'< 4, .
This implies that the conversion value is no
less than the value of restructured firm if

¥, =1". Since the value of restructured firm
strictly increases in ¥, for y, <4, a con-

version is strictly preferred for all) <n.
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Second, if 7'Z M, , the conversion value is no
less than B,. Then, a conversion is preferred
for all i 2 M4, .

tured firm is strictly less than B., for all

Since the value of restruc-

Y1 < H,, a conversion is strictly preferred for
all y1<4, as well. Thus, a conversion is
preferred for all Y, <M.

Recall that a callable convertible bond should
be converted at f in a non-degenerate set of
realized V1 and that the firm should remain
bond-financed at % in a non-degenerate set
of realized Yi. Thus, a callable convertible
bond must be designed such that the a
conversion is strictly preferred for Y, <7
<pGie,exR>y,+R-K-D fory,<n<u,)
and weakly preferred for Y1 =7, and that
the firm remains bond-financed without
defaulting for } Z 4 (i.e.,exR< B fory 2 4).
It follows 7 =exR—-(R—-K-D) .

Appendix 5. Proof of Proposition 3.
There exists unique solution to the optimi-
zation problem. To prove uniqueness, suppose

there are solutions (B,,¢') and (B,.€’).
Obviously, B, =8, by the assumed prefer-
ences. Also, ¢' = e because equation (9) strictly
decreases in e for any given B,. To prove
existence, the set ¥, is shown to be non-

empty and compact. Suppose that the firm
issues a callable convertible bond with call

. 1 t . .
prices, ¥, and v, , and a dilution factor e'.
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Define e=(R—-K—-D)/R+&< K/(2R-K),
£>0. (The inequality (R-K-D)/R<K/
(2R-K) holds under the assumption R <2K .
If R<2K, the firm defaults in a non-degenerate
set of realized states if it issues a non-
convertible bond.) Denote B '=B(¥/',v,"),
#,'=B'<(R-K) and n'=exR-(R-K-D),

Rewrite equation (8') as

Pr(y, <exR)E(y,+R-K -D|y, <exR)
+tPr(exR<y, < u)
E(y,+R-K-D|exR<y, <u®)
+Pr(y 2 pB =K. (8")

Note that the left-hand side of equation
(8 ") is continuous and strictly increasing in

both € and .. Compare equation (8 ") with
inequality (11). Because e'xR>E(y, +R—
K-D|y <&xR), there exists a pair(e,
4,") suchthat £ >0 and 4,'< #*, which satisfies

the weak inequality (11) with equality. Formally,

Pr(y, <exR)e'xR+Pr(exR<y <u")
E(», +R-K~D|exR<y <u")+
Pr(y 2u8'=K. (11)

For a sufficiently small &, exR<pB,'<B’

holds because ﬂcd >R~-K-D_ If this callable

convertible bond is issued, equations (10),
(11), (12), (13) and (14) are satisfied. Thus,
the set ¥ is non-empty. It can be shown that

BUSoIT M35 M23 20064 48

the set V is compact. It follows that the set
V1 is also non-empty and compact. Therefore,
there exists a unique solution, denoted by
(B,,¢"). for the system specified in equations
(9) through (14).

In equilibrium, the firm issues a callable
convertible bond with call prices such that
W =P, <) E(g, |y, <)+ Pr(r, 2
vzd)vzd =B and a dilution factor e . The
firm remains bond-financed in a set of
realized states {y, |y, 2 Y, wt<u’. The
bond is converted in a set of realized states
D ly<n'), ' =e'xR-(R-K-D)< p
. The firm defaults in a set of realized states,
0 1n° <y <u”}. The expected payoff to the
shareholder is W* =2(R-K)-Pr(n’ <y, <
1D >We (e e,y = 2AR-K)-Pr(y, < u*)D .
The expected payoff to the bondholder is ex-
pressed as:

Pr(y, <n")e’ xR+Pr(n’ <y, <u")
E(+R-K-Din" <y <pu")
+Pr(y, 2 1,8, 2K | (11")

Further investigation of a solution shows
whether (11”) is met with equality or strict

inequality depends on parameters. If (117)

is met with strict inequality, the firm can sell

the bond at a price higher than K and invest

the amount over the required capital in a

risk-free asset.
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