Koresan Management Review, Vol. XIV, No. 1 (Sep. 1984) 49

Parameter Estimation and Evaluation
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Seoil Chaiy*

e e e e e ACORLENLS) e enverrrrreemieeinieaes e ecee e erne e
: 1. Introduction 1. Recovery
Thurston’s Law of Comparative 2. Data
Judgement 3. Monte Carlo Procedures.
II, Estimation Criteria 4, Analysis
1. Least-squares Y. Results
2. Maximum Likelihood 1. Optimization Procedures
3, Minimum Chi-Square 2. Estimation Criteria
I¥1. Optimization Procedures 3. Model Choice

1V. Methodology VI. Summary

(B X # %

atEREEEL ARMY BEREC A4E sHA 2 g2 o TE sigch. Thurstone 9] ft
BARER-S 7k AddagE Agste slve Bl 24 As|abeh Hoke] Aute] AH
de] &&= 9lch. Thurstone 8 xwl.e AP A=E2 6] #GIHE (raired comparison)
E Folod IEZREE dold #47e] (@i (object)ol] olgt ERIREE odoju: wyoxn
Wz] A-gEgivh. o] HEAIETEAIL o2l stx] 9] subcase EE wWAIS Gl =] o] A7tz A
A BB T4 Case V7t 714 41A REMES T Wil dlEd e 4
256 gtvh. Case Vi ERERX (stimuli)st We] 817] A5 22 A3y ¢ 454
g3 29& & w9} o] FEML b vlnd de E449 2 F 9o %
2l7b A, 53 vholAl R A Abgsty REMCIL HARE AHE digt sl F s
L Case Vol d AH45% AAxo] 22 @7 dFe] ABEY 42 2 54 (54 72
A g AEdAl EelA ol Bl Avke A)ol HMERFES] AEdoR JehdA HE =
® o) Case HI - 84J0] ¢lrh.

* Korea University



50 Korean Management Review

of ¥ FHL o]AA %L =¥ BTdn wel A & Case Ul mwle Rl
T el Wik 2 @ BEE sele Aotk 2 Fywom: B/EEME,
maximum likelhood ¢} minimum chi-square & o] &3t ulgje] A}g=5 gl o o]5q ulgt
BEM A & AR E ol 8% TR BE® 423 o) Ae5glth. = Gradient
search 2} Direct search W¥]o] A}8= 9lt},

A8 FH B AL ol e 23] 6714 B2 fEEk S-S monte carlo'simal-
ation-& F3ted Jrpgto 2 HBAIMIRRIE ALgsted] x|3l0] 5 £% &4t} simulation
o A3k 34 sample 8| 7k 44 ol iz Case V 2lo] 485 ojck a1 i1 Fiko]
maximum likelihood 1} mimum chi-square Bt} #29] HB T W o1} 2484 T oJgke
v]4 JEE ohid, Gradient search Wbl & o] gsbul Al4LA o] Al AA BT
of AA Abgel sdejstebe Aolvt whxl2ho 2 Agals} Case 19} Case VF o] mu
< AbgEejof s 7HE syl 13k FAA <l We] o] $5 &= maximum likelihood
test 7} ARGE gl o o] testd] E YL FIsig)

I. Introduction

Economists and psychologists have proposed a number of theories and models that
deal with individual decision making. One area of decision making theory deals with
how individuals make dominance judgements. Given a single dimension, X, the theory
seeks, to expalin how an individual decides if one item, A, has more of X than another
item, B. The dimension X may be defined as an attribute or as a utility. Thus, domi-
nance judgements may be concerned with perception, cognition, or perference.

Psychologists have developed various choice axioms to deal with the investigation of
decision making. One of the most notable is the theory of choice proposed by Thurstone
1927. Even though Thurstone’s model has received a lot of attention during the last 50
years, surprisingly little work has been done in developing estimation procedures for it.
The purpose of this paper is to develop and evaluate new estimation procedures for one
form of Thurstone’s model, that which is commonly known as the Law of Comparative

Judgement.
Thurstone’'s Law of Comparative Judgement

The complete from of the law of comparative judgement may be stated as:
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(D) mi~pi=2;;(0+0°~2p; 0,0;)1'%

where g;, #; denote the scale (expected) values of stimuli (random variables) i and j.
o,, o; denote the discriminal dispersions (standard deviations) of stimuli i and j.

p.; is the correlation between the stimuli i and j.

z;; is the normal deviate corresponding to the theoretical proportion of times i is
judged to dominate j.

The basic difficulty with the law of comparative judgement is that regardless of the
number of stimuli, there are too many unknowns. For example, with n stimuli, there
are n scale values, n discriminal dispersions, and #2(z—1)/2 correlations which are
unknown. If the scale value of one stimulus is chosen as an origin its discriminal
dispersion as the unit of measurement, 2(z—1) +n(n—1)/2 uni{nowns remain. However,
paired comparisons give us n#(#—1)/2 observation equations. Therefore, the number of
equations is always 2(z—1) less than the number of unknowns In his law of comparative
judgement, Thurstone [1927] presented five cases with different degrees of simplifying

assumptions. A summary of the five different cases is as follows:

Case I: cemplete form of the law for paired comparison data, which is obtained
from a single subject, is used when only a dichotomous judgement is allowed.

Casge 1I: Instead of single observer, a group of observers is used to make judgements.

Case III: The correlation p,; is assumed to be zero, 1 i.e., stimuli are independent with

each other. With this assumption, equation (1) reduces to:

(2) ,ui—‘lui:zii(oiz—*-aiz)l/z

Case IV: The discriminal dispersions are assumed to be small, With this assumption,
equation (2) reduced to:

(3) #i—pi=2,[1/2(0;+0;) ]

which is linear.
Case V: All the discriminal dispersions are assumed to be equal, j.e., all the stimuli

have a standard deviation of ¢. Then equation (2) becomes:

4) ui—py=2; 20

Since the assumed constant discriminal dispersion is the unit of measurement, we can,

without loss of generality, set the discriminal dispersion epual to one and obtain:
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(5) pi—pi=22,;

Interest in Thurstone's comparative judgement model has centered around the Case V
version. The major reason for this is probably the availability of an explicit Case V
estimation procedure with least squares properties [Mosteller, 1951a].

Despite the simplicity of the Case V model, more general forms of the model, in
particular the Case III variation, are worthy of further investigation. In those studies
that have looked at Case III models, usually in the context of successive interval exp-
eriments, or at Case IV models, a sizable range of dispersions is a common finding
[Sjoberg, 1965]. Benefits derived from using a more general model, such as Case III,
will of course vary with the phenomenon being studied. For scme psychophysical
stimuli, there may be justifiable theoretical and empirical reasons for staying with a
Case V or Casd VI model. For other stimuli, such as those encountered in consumer
behavior applications where subjects are asked to compare heterogeneous stimuli of diff-
erential uncertainty, the benefits of using a Case III model may be significant. In these
situations, the standard deviation associated with a stimulus may often be interpreted
as a measure of uncertainty.

Employment of a Case IIl model can at times result fn improved scale value estim-
ates, even where knowledge of the standard deviations has no substantive interpretation.
However, estimation of Case IIl parameters may not lead to better recovery of the
scale values, even when data are known to be generated by a Case III process. Unique-
ness and estimation problems involved in obtaining a Case III solution may be so
severe that one is better off with the simpler Cave V approach to comparative judgm-
ents [Suppes and Zinnes, 1963]. Belief that the difficulties encountered with the Case
11l comparative judgment model outweigh its potential benefits has probably lead to
its limited use in psychology and near total absence in applied fields.

The primary purpose of this paper is to explore the merits of using a Case III model.
In doing this, the issues of optimization procedure selection and estimation criterion
selection are also addressed. A Monte Carle study is undertaken in which data are
generated by Case IIl processes. The processes differ with respect to the relative .
magnitude of the standard deviations to the mean values and the number of observa-
tions. No distinction is made as to the nature of the sampling unit; sampling errors,
though, are assumed to be independent [Bock, 1958]. Estimation'of Case III parameters

is first discussed under two headings, estimation criteria and optimization procedures.
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Three statistical estimation criteria and two optimization procedures are proposed. The
methodology of the study is then described and results pertaining to (1) the selection
of an estimation criterion, (2) the selection of an optimization procedure, and (3) the
relative recovery of parameters using Case V and Case III models are reported. The
final section addresses the problem of deciding which model to use when the generation

process is known to be a Case III process.

I1. Estimation Criteria

~Thurstone’s theory of comparative judgment associates with every stimulus object ¢,
a discriminal-process of the form g;+X,, where the g, are the scale values of the
stimuli and the X, are independently distributed random variables in the Case III
situation and independent identically distributed random variables in the Case V situation.
When two stimulus objects o, and o; are presented to a subject, o, is selected if the
value of the discriminal process for o, is greater than the value of the discriminal
process for o;, In this paper as in the original work [Thurstone, 1927], the discriminal
processes are assumed to be normal random variables. The estimation task for the Case
Il model is to approximate g; and Var(X,) =0, while for the Case V model, only the
first estimate is required. The comparative judgment model assumes that the estimates
are to be derived from the observed frequencies »,, or the proportion of time P,; with
which ¢, is chosen over g;.

A variety of statistical and non-statistical criteria have been proposed for obtaining
estimates of the parameters of the Case III and Cave V models. Three statistical
estimation criteria, least squares, maximum likelihood and minimum chi-square, will be

evaluated here.

1. Least-squares

The most popular estimation procedure is Mosteller's least squares solution for the
Case V model. Mosteller's least squares solution seeks parameter estimates that minimize

the quantity

(D @=2_(z,;—%")

i<J

where z2,;=07'(p:),
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2:'1' =X;—%;,

and where @-! is the inverse normal transform of the observed proportions p,; and «x,

is the estimate of p; Alternatively, (1) may by expressed in matrix form as
(2) Q= (z—Ax)"I(z— Ax)

where A, for n stimuli, is an #(z—1)/2 by n matrix of coefficients, z is a n(n—1)/2
vector with elements z,;, 7<j and x is a vector of length » If the % th row of A,
corresponds to the stimulus pair 7,2 (/< ), then
a,=1 if I=¢
=—11if I=j
=() otherwise.

The familiar matrix expression for the least squares solution,

x=(A'A)"tA’z
is the same as Mosteller's solution after adding a constant to permit 3%,=0. (Since
A is of rank #—1, a column of A must be dropped and the corresponding value of x,
set equal to (0 to achieve a solution).

A least squares Case III model minimizes the same quantity as (1) except that
(3 2= (%;,—%;) /(8.2 +s;7)1/*

where 5,2 is the estimate of 0,2, In this situation, the estimate of z,; cannot be expressed
as a linear function of the parameter space and an explicit least squares solution proce-
dure is not feasible. Iterative procedures are thus necessary.

Goodness of fit for the least squares model is usually obtained by means of the arc
sin transformation suggested by Mosteller [1951b]. The test evaluates the null hypoth-
esis that the model is correct. Thus, acceptance of the null hypothesis may be aided

by small samples or poor experimental procedures [Grant, 1962].
2. Maximum Likelihood

For the least squares solution to have minimum variance properties, the expected value

of z must depend on a linear combination of the parameter space. This means that
z=Ap+te,

where ¢ is a randm vector of zero mean. However, as Bock and Jones [1968] have

shown, ¢ does not have zero mean, but includes a bias factor.
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Maximum likelihood estimates may be found by maximizing the likelihood function

@ L:.R(N)ﬁu "I‘v(l—ﬁ.-j)N—n“
where bii=0(x,—x;),
N=n,;j+n;.

In this expression, @ is the adf of the normal. An explicit solution of (4) does not
exist and iterative methods must be used. Although maximum likelihood estimates are
asymptotically efficient, for small sample sizes. they may not be better than least
squares.

A maximum likelihood Case III solution may be found by minimizing a function
similar to (4) except that

Dby=0((%,—%,)/ (5245217,

An advantage of the maximum likelihood approach is that the likelihood ratio can

be used to compare the Case V and Case III solutions. However, the likelihood ratio

test, like the maximum likelihood estimates, rests on asymptotic theory.

3. Minimum Chi-Square

Several minimum chi-square criteria are available [Berksoy,1956]. Perhaps the most

common is the Pearsonian chi-square which minimizes the quantity
(5) Q=2Xn;/ Do~ (= b)) (pii— Bii)?-
-7

Asymptotically, this criterion is similar to that of the likelihood criterion, and as is
the case with the likelihood criterion, a solution must be found by iterative methods.

Another chi-square approach, sometimes called a minimum normit chi-square[Berkson,
1956], minimizes the sum of squared differences between transformations of the prop-

ortions; specificially, it minimizes

(6) Q=§}Wﬁ(zu—2.‘j)z,
where w=(n; ¢* (2,;))/(5;(1— D.3))

and ¢is the pdf of the normal.

Depending on how p,; is defined, this criterion can be used with the Case V or Case
III model. The chi-square properties of (§) have been established by Taylor [1933].
Values of x; and s; can be found through iterative procedures. If the estimates of the

proportions used in w,; are derived from prior analysis, such as a least-squares Cave V
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analysis, then (6) can be solved explicitly. This can be shown by expressing (6) fcr

the Case V model in matrix from as
7 Q= (z—Ax)" W(z—Ax)

where W is an (#(n—1)/2) by (n(n—1)/2) diagonal matrix with weights w;; along
the diagonal. From (7) it is obvious that an explicit solution does not exisi for the
Case III model.

Chi-square criteria have a number of advantages over the maximum likelihood
methods. One advantage is that they are conceptually and computationally simpler.
Also, the Pearsonian expression does not require knowledge of the density function.
Chi-square criteria can be used to provide a test of the null hypothesis that the model

being evaluated is correct. In addition, for n stimuli, the statistic
(8) X:=Qy=Q

where @ is the value of (5) for the Case V model and Q,,;, is the value of (5) for the
Case III model can be used with n degrees of freedom to determine if there is a sign-

ificant advantage in using the Case IlI model, similarto the likelihcod ratio test.

III. Optimization Procedures

Two optimization procedures were used in this study to provide solutions that could
not be solved explicity. One was a direct search procedure developed along the lines of
the Hooke and Jeeves [1961] method and the second was a gradient search procedure
based on a quasi-Newton algorithm [Walsh, 1975].

Direct search procedures are not as elegant as gradient search procedures and they are
much slower as well. However, with rough response surfaces, such as might be expected
with Case III problems, the direct search procedures should do better than gladient
search procedures. Gradient search procedures work best with quadratic functions.

The direct search algorithm used was STEPIT [Chandler, 1969]. The program
ZXMIN [IMSL, 1979] was used for the gradient search algorithm.

Numerical optimization procedures can be very sensitive to initial configurations.
This is especially true of gradient procedures. For Case V modefs, the Mosteller solution

was always used as the initial configuration. For the Case III models, the only explicit
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solution for comparative judgments that has been published is the one by Burros and
Gibson [1954[. (Explicit Case IV solutions have reported by Thurstone [1932], Gibson
[1953] and Burros [1951]). The Burros and Gibson solution is a two stage estimation
procedure which first estimates variances and then, given the variance estimates,
proceeds to estimate means. This procedure was first used to provide an initial conf
iguration for the Case III model. The Burros-Gibson estimates of the variances, however,
proved to be particularly poor. Trial of the Case IV solution by Burros [1951] was much

molJe satisfactory and was used throughout this study as the initial Case III solutiomn.

IV. Methodology

Three estimation criteria and two optimization procedures have been described in the
previous sections. The methodology of this study sought to determine how well those
three criteria and two procedures did at recove ring the parameters of two Thurstone

models when the data were generated by Case III processes.
1. Recovery

Selection of a recovery measure depends upon the measurement properties of the
estimates. The means (the scale values) of the Thurstone Case V model are unique up
to a linear transformation and standard deviations up to a positive proportionality
transformation. Uniqueness properties of the Thurstone Case III model are more compli-
cated. Suppes and Zinnes [1963] have shown that scale values for the Case I model
have something less than interval scale properties. They demonstrated this in a counter
example involving three stimuli. We suspect that the departure from linearity dimini-
shes as the number of stimuli increases. We will therefore assume uniqueness properties
of the parameters in the Case V and Case III models to be the same.

The product moment coefficient of determination R? was chosen to measure the
recovery of the scale values. The coefficient R* is an intuitively meaningful measure
and it is unique up to a linear transformation. For the recovery of'\the standard devi-
ations, a measure was desired that was similar to the product moment measure but
which was in variant over multiplicative transformations but not all linear transform-
ations. One such measure is

Ry*=RgS,/ TSSy = TSS, —ESS,/ TSSy,
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where RSS; is the regression sum of squares unadjusted for the mean, 7SS, is the
total sum of squares unadjusted for the mean, and ESSy, is the error sum of squares
unadjusted for the mean.

The R,? coeffient is probably the most popular measure of comparison for zero
intercept models but it has the unfortunate property of frequenly being higher than the
value of R?, when one would usually like a more constrained measure to be lower. A
number of alternatives to Ry,? have been proposed [Aigner, 1971] but none are ideal.
The most common fault of alternatives to R,? is that they are unbounced on one end.
Both Aigner and Theil [1971] favor a relative conservative measure R,% which is like
R,* except that the total sum of squares measure is adjusted for the mean. R, is
therefore always less than RZ% It does, unfortunately, have an undetermined lower
bound, with negative values being quite common in cases of poor fit. Note, though,
that negative values of R,% do not indicate a negative relationship in the two variate
situation. Also, R,%(x-y) in general does not equal R, %(y-x). Since comparison of the
recovery of the p and o parameters was desired,R,* was selected as the measure of

recovery for ¢ and R? was selected as the measure of recovery for p.
2. Data

Ten stimuli were used in the analyses. If the case III model can be shown to do well
for ten stimuli, then we may suppose that the uuiqueness difficulties cited by Suppes
and Zinnes for three stimuli arelikely to be unimportant in most a pplications.

Scale values p; were randomly selected from a unfiorm distribution between —0.5
and 0.5. Error parameters o, were selected from a uniform distribution between 0.0
and an upper bound ¢, Four levels of oy,

Four levels of o, were used, 0.25, 0.5, 1.0 and 2.0. The ratio of ¢, to ¢; was
constant for all four levels of oy,

The number of observations N was also varied. Seven levels were used: 10, 20, 40,
80, 160, 320 and 640. For each observation, 45 pairs of values were drawn, each value
coming from a normal distribution with parameters #; and ¢,. If the value drawn for
stimulus 7 was greater than the value drawn for stimulus j, the frequency with which
¢ dominated j was increased by one. For each combination of error and observation

levels, ten replications were evaluated.
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3. Monte Carlo Procedures

All of the algorithms used to specify density functionsand their inverses came from
the International Mathematical and Statical Library [IMSL, 1979]. The basic random
number generator used by IMSL is a multiplicative congruential generator. To decrease
the likeli hood of irregularities, numbers were drawn in lots of 500 and then shuffled
[Chambers, 1977]. The initial seed for the random number generator was drawn from
a random number table. A copy of the program used is available on request from the

senjor author.
4. Analysis

Least squares, maximum likelihood and minimum chi-square criteria were used to
estimate Case V and Case III parameters of each of the 280 sets of data. Both the
Pearsonian chi-square and the normit chi-square were initially used for the Case V
model. The normit chi-square procedure was of course quicker and also had better recov-
ery. For Case I analyses, the normit criterion (used iteratively) did no better than
the simpler Pearsonian chi-square. Thus, the normit chi-square was used for all Case V
analyses while the Pearsonian chi-square was used for Case IIL

Interative procedures were requried for all three Case III estimates and for the
maximum likelihood Case V estimate. The Burros procedure was used to provide the
initial solution's for all Case III analyses and the least squares [Mosteller] procedure

provided the initial solution for the Case V maximum likelihood analyses.
V. Results

Results of the Monte Carlo analyses are presented in terms of the three decisions
addressed by this paper; selection of an optimization procedure, estimation criterion,

and Case V or Case III model.
1. Optimization Procedures

A direct search and gradient search procedure were evaluated. It was expected that
the direct search should do better than the gradient search when encountering rough

response surfaces. In terms of the conditions evaluated here, rough response surfacesare
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most likely when there is a high degree of error, a low number of observations, and a
Case III model.

The Case V analysis of 280 data sets (4 levels of error, 7 levels of observations, 10
replications, maximum likelihood criterion) using both optimization procedures resulted
in the same mean level of recovery (R?) for the means, (.85 While each individual
data set did not always have the same level of recovery using direct search and grad-
ient search, there were no systematic differences by level of error or observation. It is
thus concluded that for Case V models, the more efficient gradient search procedure is
better. To simplify further analyses, only gradient search procedures were used for the
maximum likelihood estimates of the Case V model in the rest of this paper.

With the Case III model, iterative optimization procedures were used for all there.
estimation criteria. Recovery of both means and standard deviations was evaluated.
Average recovery of the means was again identical, 0.84. The direct search procedure
did, though, show a slight improvement over the gradient search procedure when the
criterion was one of standard deviation recovery (R,?), —.12, vs. —.19,

A fixed effects ANOVA for the Case IIl model, using re.covery of the standard
deviations as the dependent variable, was conducted using four factors: optimization
procedures (2 levels), estimation criteria (3 levels), error (4 levels) and observations (7
levels). No significant main effects or interactions with respect to the optimization
procedure factor were found. Since the direct search procedure was marginally better,
it was decided to use only the direct search procedure for Case III models. It is clear,
though, that a good gradient search procedure will do almost as well as the less efficient

but more through direct search procedures.

2. Estimation Criteria

Two analyses of variance for the Case V model were conducted involving three
factors: estimation criteria (3levels), error (4 levels) and observations (7 levels). The
first analysis used K? as the recovery measure and the second used Fisher's Z transfor-
mation Z=1/2 In[(14+K)/(1—R)] to compensate for the skewness of the correlation
measures. Results are presented in Table 1.

Both analyses attribute the greatest explanation to the levels of observation, error
and their interaction. Use of the Z criterion makes the criteria factor and the criteria-

error interaction significant but their relative importance is still minor. Analysis of the
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Table 1. Analysis of Variance Summary: Recovery of Means for the Case V Model

R? Z
Source of Variation df
Mean F Probability Mean F Probability
Square Square
Criteria (C) 2 0.0 0.1 N.S. 2.7 28.1 <. 001
Error Level (E) 3 3.2 269.2 <, 001 57.0 590.2 <. 001
Observation Level (0) 6 1.5 127.4 <. 001 19.3 199.7 <. 001
CE 6 0.0 0.3 N.S. 1.1 11.2 <, 001
co 12 0.0 0.1 N.S. 0.2 1.65 N.S.
EO 18 0.3 25.1 <. 001 0.8 8.69 <001
CEO 36 0.0 .0 N.S. 0.7 .74 N.S.
‘Residual 756 .01 756 .10
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Figure 1. Recoverd of Case V scale values. h

means showed that the maximum likelihood criterion was best and least squares the
worst. The chi-square criterion was very close to the maxmum likelihood criterion in
all situiations. A plot of the means of the Z criterion for the least squares and maxi-

mum likelihood estimators is given in Figure 1. It will be noticed that the maximum
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likelihood criterion never does worse than the least squares criterion, though at error
level four they are indistinhuishable. As expected, recovery generally improves as the
error level decreases and as the number of observations increases. The exception to
this is least squares at error level 1. In this situation, the standard deviations werelin
a narrow range close to zero. The data, generated by the Case IIl model, were not
handled as well by the linear model. Relative performance of the asymptotically efficient
maximum likelihood procedure was greatest at high observation levels. Though not
evident here, it is likely that least squares could do better than maximum likelihood at
high error levels with few observations.

Three analyses were conducted for the Case III model. The designs were similar to

that for the Case V model, the dependent variables for the recovery of the means

Table 2. Analysis of Variance Summary: Recovery of Means for the Case III Model

Source(of Variation df R
Mean F  Probability Mean F Probability
Square Square
Criteria (C) 2 0.0 1.2 N.S. 3.0 30.1 <. 001
Error Level (E) 3 4.5  346.9 <.001  97.4  977.4 <. 001
Observation Level (0) 6 2.7 211.7 <. 001 65.5 657.0 <. 001
CE 6 0.0 0.9 N.S. 2.6 25.6 <.001
(e]0) 12 0.0 0.1 N.S. 0.0 0.3 N.S.
EO 18 0.4 28.4 <. 001 0.2 2.0 <. 001
CEO 36 0.0 0.1 N.S. 0.0 0.3 N.S.
Residual 756 0.0 0.1
Table 3. Analysis of Variance Summary: Recovery of Standard Deviations
Source of Variation df g};"ar‘r e F Probability
Criteria (C) 2 7.7 9.2 <. 001
Error Level (E) 3 63.6 76.3 <. 001
Observation Level (0) 6 134.4 161.2 <.001
CE 6 5.2 6.2 <. 001
Cco 12 5.2 6.2 <. 001
EO 18 5.1 6.1 <. 001
CEO 36 0.3 0.4 N.S.

Residual 756 0.8
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Figure 2. Recovery of standard deviajions.

being R? and Z and for recovery of the standard deviation, R,%. The overall ranking
of the three estimation criteria for the Case IIl model was the same as that for the
Case V model with respect to the means. For the standard deviations, the minimum
chi-square criterion was i'nsigniﬁcantly ahead of the maximum likelihood -criterion.
Results for the ANOVA of the means is given in Table 2. The pattern is similar to
that with Case V. Table 3 reports on the recovery of the standard deviations. The
significance of the criterion main effect and interactions that are indicated in Table 3
is illustrated in the plot of recovery values for the standard deviations in Figure 2.
Tor error levels 3 and 4,the three criteria do equally well. (The chi-square criterion is
omitted for clarity and consistency with the other figures. It is very similar to the
maximum likelihood criterion in performance). As with the recover"y of the means, the
maximum likelihood criterion has the greatest relative advantage over least squares at
the low error levels. The criterion-observation interaction is evident in the diminishing
difference between the two estimation criteria as the number of observations increases.

The nature of the interaction was surpring, as our prior expectation was that the
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Table 4. Frequencies of Ra? and R? for the Maximum Likelihood Esiimates of the Stand
ard Deviations

Ra?
<0.00 (0.00~0.5) (0.50~0.75) >0.75
<0.25 27 0 0 0
R2 (0.25~0.50) 44 6 0 0
(0.50~0.75) 25 39 14 0
>0.75 2 8 23 89
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Figure 3. Mean estimatzs of scale Figure 4, Mean estimates of standcrd
values. deviations.

relative difference would increase as the number of observations increased.

One of the striking features of Figure 2 is the generally low valus of the recovery
criteria. At no time is the recovery for the standard dzviations higher than the recov-
ery for comparable means. Valuss of R,? exceed 0,9 only for situations involving over
320 observations, and then only for low error levels. Since the R,? criterion is not as
well known as the R? criterion for linear models, a cross tabulation of the two statistics
for the 280 maximum likelihood estimates of the standard deviations is given in Table
4. The congervative nature of the R,? statistic is evident from the table. On two
occasions, data which had a negative R,? relationship had corresponding values of R?
greater than 0.75. The frequent occurrence of negative R, raises the question of bias
in the estimates. Plots of the parameters and maximum likelihood estimates for the

means and standard deviations show a modest downward bias for standard deviations
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Table 5. Analysis of Variance Summary: Case III and Case V Recovery of Means

Source of Variation df K
Mean F  Probability Mean F Probability
Square Square
Model (M) 1 .1 5.5 <. 50 2.3 23.3 <, 001
Error Level (E) 3 2.7 219.5 <. 001 65.3 655.3 <. 001
Observation Level (O) 6 1.3 108.3 <, 001 2.3 23.3 <, 001
ME 3 0.0 2.0 N.S. 1.1 11.7 <. 001
MO 6 0.0 2.1 <. 050 2.5 24.6 <. 001
EO 18 0.2 18.8 <, 001 0.1 1.2 N.S.
MEO 18 0.0 0.3 N.S. 0.1 1.4 N.S.
‘Residual 504 0.0 0.1

Figure 4) and almost no bias for estimates of the mean (Figure 3), Corresponding
plots for the least squares estimates (not shown) have the same degree of bias. The
estimates of the means are averaged over 280 cases and the 40 standard deviation
essimates (10 for each error level) are averaged over 70 cases. (Since the numerator
and denominator of equation (3) can both be multiplied by any arbitrary constant, it
was necessary to standardize the mean and standard deviation estimates. This was done
by finding the factor that equated the standard deviations of the scale parameters and
the estimates of the means for each case and applying this factor to both the mean
and standard deviation estimates).

In almost all situations, recovery using least squares was inferior to recovery using
maximum likelihood and minimum chi-square. For this reason least squares estimates

will be omitted in the remainder of the paper.

3. Model Choice

All of the data used in this study were generated by a Case 1II model. One might
expect that a Case III estimation procedure would always do best at recovering the
means (scale values) but such is not the case. An ANOVA for the maximum likelikood
solution using recovery of the means (R? and Z) as the dependent variable was cond-
ucted involving three factors: model (2 levels), error (4 levels) and observations (7

levels). Results are in Table 5.

The model main effect and the model-observation interaction was significant with
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Figure 5. Recovery of scale values-Case IIland Case V.
both R? and Z. As before, results were more significaﬁt with Z, Interestingly, the
analysis with Z gave much higher significance to the model-error interaction than to
the error-observation interaction, reversing the findings of the R? analysis. In either
case, it is obvious that the selection of the Case V or Case IIl model does make a
difference. The same conclusion can be drawn from analyses using the minimum
chi-square criterion (not shown).

Mean recoveries (R?) of the maximum likelihood scale value estimates for the Case
V and Case IIl models are plotted in Figure 5. The Case III model's relative advantage
comes with increasing numbers of subjects. At lower error levels, the advantage is
realized earlier, with fewer observations, than at high error levels. Apparently, the
roughness of the Case IIl response surface at high levels of error or low levels of obse-
rvations is severe enough so that better estimates cannot be achieved with the Case II
model. The greater degrees of freedom available with the Case V model leads to
superior recovery under these conditions.

Given a set of data which may be thought to be generated by a Case III process,
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Table 6. Acceptance of Case IIT and Case V Models for Three Likelihood Ratio Tests

A Model with Percentage Accepting Percentage Accepting Number
Best Recovery 111 Case V
0. 900 Case 111 84 16 153
Case V 26 74 127
0.950 Case III 82 18 153
Case V 22 78 127
0.990 Case III 75 25 123
Case V 7 83 127
0.995 Case III 73 27 153

Case V 17 83 127

the experimenter may still opt for a Case V analysis in those cases where there is no
interest in obtaining estimates of the standard deviations. Several suggestions for
deciding on which model should be used have been offered. Thurstone [1972] suggested
that when two cases were of interest, both should be run and the one which resulted
in the best goodness of fit should be chosen. If this procedure is followed, however, the
more general model with the greater number of parameters will always be chosen, even
though it may have poorer recovery. (To illustrate, the average value of the Pearson-
ian chi-square estimation criterion when using the Case V model was 71.0 while for the
Case III model it was 10.1). A more sophisticated procédure would ke to do a statist-
ical test of the null hypotheses that the Case V and Case III models are correct and
select that has the least amount of evidence against it. Unfortunately, like the proce-
dure suggested by Thurstone, this procedure will also strongly favor the more general
Case III model and it is not capable of distinguishing those cases where the Case V
model yields better recovery. With the minimum chi-square criterion for example, evalu-
ation of the a levels for the Case Il and Case V models resulted in the selection of the
Case V model only sixteen times and for four of these, the Case III model recovered
the scale parameters more accurately. Yet, in actually, the Case V mcdel recovered
the means better than the Case III model on 118 (42 percent) occasjons.

A much more promising approach would be to use a likelihood ratio test, setting
strict levels for rejection of the specific model in favor of the more general. model With
minimum chi-square estimates, the analagous statistic in equation (8) could be used.

Results are presented in Table 6 for using the likelihood ratio test with critical regions
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Table 7. Means and Standard Deviations of Error Range Estimates

Parameters?! Means of Estimates Standard Deviations
of Estimates

0.34 0.30 0.08
0.67 0.59 0.16
1.34 1.25 0.43
2.68 2.80 1.86

'Parameters do not equal the boundary limits of equation (9) (0.25, 0.5, 1.0, 2.0) but
reflect instead the parameter values drawn for g; and o;,

corresponding to a levels of .90, .95, .99, and . 995, From Table 6, it is apparent
that one would have about an 80 percent probability of correctly picking a Case V or
a Case III model with an a value criter on of ., 95.

Another alternative would be to derive a function, based upon the number of subjects
and the estimated level of error, for discriminating between those situations where the
Case V model has the better recovery and those situations where the Case III model
has the better recovery. The success of this procedure would depend upon the degree
to which the level of error can be estimated from the data. For the 280 cases used in

this analysis, the degree of error was estimated in the same way that it was generated,
namely,
(9) E=(sy)/(%y—%.)

where U and L signify the lower bounds respectively. The resulting mean values in
Table 7 (averaged over observation levels) are quite good. Estimates of £ could, of
course,be improved by calculating a bias correction factor for the estimates” of the
standard deviations but, even so, the high standard deviations of the E statistic would
remain. An initial evaluation of this aﬁproach using half of the data set to construct
a discriminant equation and then evaluating the resulting equation with the remaining
data showed that showed that it performed as well as the likelihood approach with 88
percent of the situations where the Case III model was superior and 75 percent of the
situations where the Case V .model was superior correctly classified. The relative
awkwardness of this alternative, though, leads us to prefer the likelihood ratio test

procedure,

VI. Summary

The Monte Carlo studies :eported here examined the ability of least squares, maxi-
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mum likelihood and minimum chi-square methods to recover the parameters of Thurst-
one's comparative judgment model. Direct search and gradient search procedures were
employed. Data were generated by a Case IIl model under varying degrees of error and
numbers of observations. The data were analyzed by both Case V and Case III methods.

It is shown that if one is interested only in recovering means and is limited to small
sample analysis, then the traditional least squares Case V analysis, though marginally
inferior to maximum likelihood and minium chi-square methods, is probably acceptable.
In other situations, it would appear that there are few advantages to using least squares
Case V analyses. Case III analyses frequently recover means better than Case V. In
addition, they provide standard deviation estimates which, though slightly biased, are
reasonably precise. Maximum likelihood and minimum chi-square estimates are almost
always superior to least squares, for both Case V and Case IIl. In addition, they admit
a simple yet powerful test for choosing between the Case V and Case III models. No
significant difference was found between the direct search and gradient search proced-
ures. Use of efficient gradient search procedures should make Case III analyses reason-

able for most applications.
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(RE 1) aiMblgie] ERTH*
Bk 1 W2 B3 (5 ! FHEK S =] Ui ) £ E
Xeo 0.47498 —0.24045 0.01024 0.03065 —0.19288 0.11887 —0.22967 —0.03744
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