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I. INTRODUCTION
1.1 The Problem

It is assumed throughout this study that, prior to considering the scheduling of classes,
the institution has decided what courses will be offered, the number of sections if more
than one, and has assigned faculty members to teach these (if not assigned, create a
fictitious faculty member who teaches a single course for each unassigned course).

Further assumptions are that a course is taught by a single faculty member, a course
uses only one facility, exhibits fixed time patterns throughout the week and that class-
rooms can neither be partitioned into smailer rooms nor combined together. The problem
area is delimited briefly.

There will be two main types of schedules: A cyclic plan which is repeated after a given
time frame, and a non-cvclic plan which is used only once. An ordinary school schedule
is cyclic, whereas an examination plan, for example, may be non-cyclic. The length of
the time slot is usually given beforehand and it will be considered fixed.

It may be assumad as an axiom that no solution exists which satisfies all requirements
for an optimal schedule, A schedule is therefore a compromise solution between a large
number of conflicts. These conflicts are of a hierarchical nature; i.e., all requirements
are not equally strict, One may clearly distinguish between a set of absolute requirements
(‘hard’ constraints) and a set of desirable requirements { ‘soft’ constraints). An abso-
lute requirement is a requirement which has to be satisfied, and a desirable requirement
is a requirement which ought to be satisfied.

For the main kinds of scheduling requirements, see Michalsen[41].

* Associate Professor, Chung Ang University.
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I .2 Brief Survey of Earlier Methods

One of the earliest pieces in the literature on this problem is Bowden's work [10].
He explained how to schedule classrooms using conflict matrices.

With the advent of computers, many papers [1,2,3,4,6,9,12,13, 14,16, 18, 21, 25, 30,
38, 39, 46, 53, 56, 57, 58, 59] which deal with school scheduling problems emerged in the
sixties with the hope that the application of digital computers for the problem might
offer substantial advantages over manual scheduling. However, early efforts to realize
these advantages, wherein the human was repiaced by a computer without any fundam-
ental change of procedure, proved not to be very satisfactory. (It appears that as with
many compuater applications, the difficuity of the problem has been established instead. )
For example, the Generalized Academic Simulation program (GASP) was developed at
MIT in the early sixties. Meanwhile Stanford University developed a computer program
commonly known as the Quad-S (Stanford Schaol Scheduling System [141). One of the
application reports on Quad-S appears in Wiley {56_. These programs are both heuristic

.

and have been tested at several high schools. The results were rather inconclusive, and
some authors even presented opinions an the superiority of manual schedules (o comput-
er-generated schedules [51].

In the seventies the problem has been approached by analytical methods such as graph
theoretic approaches [31, 53,54, 55, Boolcan methods {45, 1] and mathematical progra-
mming [42,50,52]. Of course more elaborate and sophisticated heuristic approaches were
added, as described by Michalsen [41]., for instance.

The problem, which is better known as the time tahle problem, can be reduced to
finding the chromatic number of a hypergraph, the strong chromatic number [7_, which
is the mimimum number of colors required to color the vertices of the hypergraph so
that no color appears twice on the same edge [53,587. However the computation algo-
rithm [13,17,487 for finding the exact value of a graph usually becomes impractical as
the number of vertices increases. Computaticnai results available in the Literature still are
not very encouraging. Knauer [31] reported that the computation time of his graph
theoretic approach was between 1.5 and 2.0 miautes per class on Electrologica EL X8
(Which is about as fast as the IBM 360/40).

The problem can no longer be represented by a coloring problem if we introduce a

facility capacity restriction such that any classrcom, whose seating capacity is large eno-
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ugh for a course, can be assigned to the course. This is the one we well develop in this
paper. Swart [52] reported that his mixed integer programming (MIP) approach took
4 to 26 minutes for 115 variables and 135 constraints problems (approximately equivalent
to a 12—14 course scheduling problem) on a Burroughs B—35500. Liggett [37] also app-
lied 2 quadratic assignment approach to the problem.

1I. MODELS

There have been a number of model formulations of the problem of constructing good
class schedules. The models can be classified into pseudo-Boolean equations 46,497, inte-
ger linear programming (ILP) formulations [36,42,46,50,521, quadratic assignment
formulations [377, and graph theoretic 1nodels [1,53,38]. Since Boolean equations and
graph theoretic models can be transformed inio an equivalent ILP problem [46], we
describe only ILP and quadratic assignment mode's here. Quadratic assignment problems
can also be formulated as ILP problems _35]. The model developed here can be subsum-
ed as a part of an integrated academic informaticn and planning system such as the one
described by Dyer & Mulveyr [207 and Dyer [19].

.

I.1 1LP Model

The classroom scheduling probiem is cae of the various combinatorial optimization
aroblems that can be formulated as an 1LF. Varicus ILP models [6,42, 46, 50, 527 have
yeen proposed.

Consider that, for the planning period, a certain number of courses (multi-section
courses are treated as different courses) are to be scheduled to time slots, Define binary
varizhics such that ;=1 if course j = scheduled to time slot 7 and x;;= 0 otherwise.
The constraints defining the set of permissible schedules fall into six types; these are,
course assignment constraints, facility constraints, faculty time confiict, student schedul-
ing conflict and two other structural constraint types for continuty requirements for
multi-periods courses. The objective can be expressed as the function of maximizing
(minimizing) the aggregate preference (disutility) of faculty and students.

Thus the detailed ILP model s

Mazximize S Zpijri
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where pi; denotes the aggregate preference when course j is assigned to time slot 7. The
preference may be an individual faculty member’s preference for a particular time slot
or a student group’s average preference for a particular time or both. The purpose of
equations (1) is to assure that each course is assigned to exactly #; time slots. The class-
room seating capacities are enforced by constraints set (2). The index set R; identifies
those courses which have facility (classroom or lab) size group 1. ¢ is the number of
classrooms of size group 1 available at time slot . The second type of constraint is cumu-
lative in nature, i.e., cu< ci,:+1 and Ri“ZRis; hence grouping 1 is assumed to be inorder,
In other words a large capacity classroom can be used for anv course whose enrollment
i3 less than or equal to its capacity. The constraints (3) preclude courses to be taught
by a faculty member from being assigned to the same time slot i e., faculty conflict.
The index set F, identifies those courses which are taught by faculty member ». In a
similar fashion, inequality (4) restricts certain courses from meeting at the same time
because of student scheduling conflicts. S. is the set of courses which must be taken by
the student group u. Any other constraints which serve to indicate, that for one reason
or another, certain courses should not be offered at the same time may be included in
this constraint set. The constraints (5) and (6) are to assure that the time slots are
assigned consecutively for a particular course. f; denotes the number of consecutive lec-
ture pericds required. i’ is a binary structural variable and |I| denotes cardinality of
the index set 1.

Note that if it is assumed that all even time slots are used, the foregoing model is
simplified as

maximize ZZpijxij
L)

x:i;={0. 1}
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The assumption of even time slots gives us a tremendous computational advantage over
the original formulation both in the number of constraints and in the number of vari-

ables that must be dealt with,
I.2 Quadratic Assignment Model

The classroom scheduling problem can be stated as follows (again 'identical time slots

are assumed).

Minimize 2.2 auzin+2.2.2,2.QiCuziazi
:me{O,l} ik i k1

subject to Zk]xik=1 V¢

The above is the same as the Koopmans-Beckmann objective function [33], with an
addition of linear terms.

The subscripts, 7 and j, denote courses, and % and / denote classroom timeslots. The
coefficients are:

o if a conflict exists (either professor or student conflict) between course :
Q= and J.
l]—

0 otherwise.
1 if timeslots are same time.
Cu= 1
0 otherwise.
?.4 if course 7 is assignable to room-timeslot %
aip=—
100 if cannot be assigned.
If there are m courses to be scheduled and n classroom-timeslots (m<n) then Q is an m
Xxm, cis an n X n and (au) is an m x n matrix. pi is the preference when coursé ¢

is assigned to timeslot £. We have assumed here that all courses require identical time

slots. For any feasible solutions, the quadratic terms will be vacuous.
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M. SOLUTION APPROACHES
.1 Problem Characteristics

A real classroom scheduling problem may contain several hundred course offerings and
several hundred time slots which may yield a problem having several tens of thousands
of binary variables. The problem formulated in section [ can theoretically be solved by
an ILP algorithm; however, the current state-of-the-art does not render a practical solu-
tion within a reasonable amount of solution time,

In an attempt to analyze the problem more carefully so as to benefit from the struc-
ture of the problem in designing an efficient solution method, some of the problem fea-
tures are noted:

a) Size of the problem: For 150 courses, 100 professors, 20 student-major groups, 5
classroom groups. and 10 time slots problem (i.e. the case of the Graduate School of
Management (GSM, UCLA), the size of the problem matrix is approximately 1,200
1,300 with all 0-1 variables, which is well beyond the current integer programming
capability-computer storage for the problem matrix alone requires 1.6 million words if a
full matrix version is adopted.

b) problem Matrix: The problem matrix consists of either zeros or ones.

c) Sparseness. The density of the problem matrix is very low (in the GSM case,
7,350/(1,200X1, 300)=47%). This extreme sparseness of the problem must be taken into
account in designing an algorithm.

d) Degeneracy: Ccmputational experiences indicate that LP-based approaches to this
type of problem have encountered difficulry in sclving the associated LP problems due to
massively degenerate solutions {407,

e) ‘Multiple Choice’ Constraints: Every course must be assigned to a particular time
slot. Those constraints constitute disjoint and mutually exclusive generalized upper bound
({GUB) type constraints.

Due to the aforementioned problem characteristics, it appears to be inevitable to resort
to either a network type of algorithm for efficiency both in storage and computing time,
or a factorization approach [26] if the problem is ever to be solvable by an analytical

‘method within a reasonable amount of solution time.
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.2 Early Attempts
. 2-1 Mulvey's Approach

Mulvey suggested a heuristic solution method for the classroom scheduling problem.

The general strategy is summarized as follows [42, 43]:

Step 1. Generate the data required for the approximate model. This data includes
faculty information and course information, both modified to reflect the adminis-
trative policies.

Step 2. (Approximation) Generate the network model, and solve.

Step 3. (Evaluation) Determine whether the candidate schedule is a feasible altern-
ative. If not, return to Step 1.

Step 4. (Evaluation) Determine whether the candidate schedule is acceptable. If not,
go to Step 6.

Step 5. Print the schedule.

Step 6. Decide whether to persist in attempting to improve the candidate schedule
by hand. If not, go to Step 8.

Step 7. (Modification) Make manual changes in the candidate schedule. Go to Step3.

Step 8. (Modification) Make changes in the network formulation. Go to Step 3.

The rationale behind this approach is that the problem is often ill-defined. Many con-
straints are not quantifiable and there may be many different criteria by which the solu-
tion may be evaluated. However, what Mulvey suggested in Step 2 (approximaticn)
appears to be an oversimplification because it hardly ever produces a feasible solution
unless the problem is trivial. The underlying idea is to try to take advantage of an
efficient network code; however, only a small portion of the problem consists of network
transformable constraints. Also Mulvey failed to suggest a sound (proven) criterion as

to how to modify the candidate schedule, which is crucial to the efficiency of the method.

I[.2-2 Swart's Approach

Swart 527 suggested a solution algorithm for (p) which takes advantage of the uni-
modular property of the imbedded constraint sets. He indicated that, although the entire
problem could not apparently be expressed as a network, it was true that a substantial

number of the constraints could be interpreted as a network type problem, while the
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remainder of the constraints couid be treated as additional restrictions on the flows in
the network,

Suggested are three different ways in which to define the imbedded network in the
class scheduling model. These are:

1) constraint set (1) and part of constraint set (2)

11) constraint set (1) and constraint set (2)

iii) constraint set (1) and constraint set (3)
However, Swart failed to recoginize that 1) partitioning scheme i) and ii) can be simpli-
fied in terms of the numkber of arcs by introducing the slack and surplus variables to
constraint set (2), and 2) most importantly, constraints (1), (2) and (38) together poss-
ess the unimodular property (although they are not a network).

The computational results were also presented. Unfortunately they were not of practi-
cal value primarily due to the inefficient network code (out-of-kilter) for relatively large
problems, no availability of a tighter bound (network relaxation tends to be too loose),

and no efficient selection of the branching variables.

II.2—38 Quadratic Assignment Method

The classroom scheduling problem can be represented by an assignment problem with
an introduction of quadratic terms for handling relationships between variables such as
the one shown in Section I.

Inasmuch as the traveling salesman’s problem, and other hard problems, can ke~formu-
lated as special cases of the quadratic assignment problem, it is not surprising that no
efficient procedure has been found to obtain exact solutions. In fact, it appears to be
safe to say that little real progress has been made in the ten years or so since the prob-
lem began to receive widespread attention. Among the approaches which have been at-

tempted are the following [35]:

a) Branch-and-bound methcds, e.g., Graves and Whinston . [27], Gilmore [24],
Lawler [34], Hillier and Conners [35].

b) Formulation of equivalent integer linear programming problems, e.g., Lawler
[34]. Actual computational experience with this approach is not available,

¢) Obtaining an exact solution to a related continuous problem and then discretizing.

See Kodres [32].
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d) Heuristic procedures, e.g., pairwise interchanges of assignments. Heuristics have
been tested by many investigators, with varying degrees of success. For an excellent

survey, see Hanan and Kurtzberg [28].

Liggett [37] formulated the problem as a quadratic assignment problem and imple-
mented it at the School of Architecture and Urban Planning, UCLA. The solution algorithm
used was by Graves and Whinston [27], and the solutions were obtained within a couple
of minutes. However the problem size was relatively small and not so tightly constrained

as in the case of GSM.

II. 3 Proposed Approaches

As discussed in II. 1 the problem apparently has a special structure, namely, sparseness,
an all 0-1 coefficient matrix, GUB constraints (constraint set (1)), identity matrices,
and a right-hand side (RHS) of 1's except for the constraint set (2).

The problem also possesses some latent features such as total unimodularity of constraint
sets (1), (2) , and (3) (which will be proved later in this chapter) and other properties
which help to generate integer solutions (see Section [I.3.2).

Proposed are: 1) a network-based branch-and-bound-based on the property of having
GUB constraints and identity matrices, and 2) an LP-based approach-based on the pro-
perties of total unimodularity of most of the constraint matrix, a ‘likely integer optimal
solution generating’ problem matrix (due to GUB constraints and identity matrix) and

the fact that most of the RHS coefficients are 1.

Ii.3.1 Network-based Branch and Bound Approach

The basic idea behind this approach is two-fold. We observe that the constraints in the
model(P) developed in the previous chapter are not coupled by subscript ¢ except in constrain
tset (1). Hence if we relax the (P) by dropping constraint type (1), the resulting relaxed
problem separates into a series of small problems which can be handled efficiently and
can be viewed as network problems (it will be shown that constraints (2) and (3) constitute
networks) with side constraints, i.e., constaints (4). Conceptually, this corresponds to solv
ing the (1), (2) and (38) constraints while ignoring (4), which may be satisfied, if violated,
during the course of the branch and bound by imposing additional restrictions in the form

of fixing the variables. Hence, it can also be viewed as a multi-commodity flow network
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problem, Computational experience shows that the resulting problems are quite often pure
networks, if the original problem is not overly constrained, to which an extremely
efficient algorithm can be applied such as GNET [11].

We explore some of the special sturctures of the problem. It is easy to see constraint
sets (2) and (3) are totally unimodular respectively. Due to Heller and Tompkins f297,
the constraint set {2) in (P) is totally unimodular since Ri(CRy:1 V I (a small ; represents
large size classrooms). The constraint set (3) contains only one entry, ie -1 per
column, therefore constraint set (3) itself is obviously totally unimodular.

Now we show that the constraints (2) and (3) constitute networks. The constraint set
(2) can be transformed into a matrix with one entry per column (for slack and surplus
variables, at most two entries per column) by introducing slack and surplus variables.

Since RiC Ry VvV / and
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and sir and si, 141 denote slack and surplus variables respectively for constraint /. Note
that the surplus variable for constraint Z,s:, 14)" is the slack variable for constraint <1,
The constraints (2)’ and (3) together are totally unimodular and constitute a network
since:
i) all entries are either 0, or +1,
ii) constraint (2)’ contains at most one 1 for the original variables (i.e., coeffi-
cient of zi;) and at most one +1 and one —1 as coefficient for the slack and
surplus variable (Note that R/ /(TR 1m1=¢ V D).

iii) constraint (3) contains at most one 1.
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iv) constraints (2)’ and (3) are obviously bipartite.
Multiplying either constraint (2)" or (3) by —1 we obtain a directed graph. An example
is shown in Figure 1. The subscript ¢ was removed for clarity. The node numbers, m—+1
and m+2, denote super source and super sink respectively and the numbers on arcs repr-

esent their capacities.

(Figure 1>
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The algorithm developed in this section utilizes the above imbedded network.

The branch and bound algorithm used here is basically a conventional one with the nice
feature that the bound is easily calculated by solving a series of trivial subproblems (. e. ,
the aforementioned networks) instead of solving large linear programming problems. The
approach adopted here is much the same as the branch and bound algorithm for the gene-
ralized assignment problem by Ross and Soland [47] except for computing bounds. Bou-
nds are obtained from solving a series of network problems, instead of solving knapsack
problems. The efficiency of the algorithm is based on the minimal effort required to
solve the associated network problems with the efficient handling of candidate problems

using a LIFO scheme.
II.3-2 LP-based Method

This approach is a conventional one, ie., an ordinary LP-based integer programming
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approach, either the branch and bound or the cutting plane method will work nicely.
No one ever tried and conventional LP-based algorithm for this problem simply because
of the magnitude of the problem size and the integer requirement. Surprisingly enough,
however, in reality this conventional approach works beautifully, particularly with a code
with GUB capability, such as Graves’ ILP code.

As stated earlier, the problem matrix has a special structure, all zero-one entries, GUB
constraints, and most of RHS of I's. However this property alone dose not render any
advantage in designing a solution algorithm. Yet computational experience shows that
quite often using an ordinary LP for real problems produces natural integer optimum
solutions. This fact naturally leads us to investigate the total unimodularity of the probl-
em matrix.

It is, however, not totally unimodular in general.

Now we explore what makes the problem appears to be so amenable to integer optimal
solution by an ordinary LP.

Theorem—1 [23]: (ai;) is a totally unimodular matrix with m X7 if and only if any
non-empty set I{1,2,--,7} can be divided into two disjoint sets I; and I, such that

P a.-,'—-‘EZI:Z ai; | <1 (=1, 2+, n)

zell

The following proposition is in order.

proposition-2: The constraint sets (1),(2) and (3) together in (P) constitute a totally
unimodular matrix.

Proof: As shown earlier the constraint set (2) can be transformed into a set with one
entry per column except for slack and surplus variables (for slack and surplus variables,
at most two entries per column). The constraints (1) and (3) each have one entry per
column. Therefore the constraint sets (1), (2) and (3) individually are totally unimo-
dular and since the constraints (1), (2) and (3) can obviously be partitioned, any
combination of the two constraint sets is also totally unimodular. Now we have to show
the constraints (1), (2) and (3) altogether are unimodular. If we assign a sign to all
constraints of the constraint set (2) and the opposite sign to all of the constraint set (3),
then the resulting column sums of coefficients of the constraints (2) and (3) are either

0, +1 or —1. Since the constraint set (1) is a series of identity matrices (for a given
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row, the coefficients of different courses do not couple), then constraint set (1) is inde-
pendent of constraint sets (2) and (3) in terms of assigning a sign. By assigning the
opposite sign of the column sum of the constraints (2) and (38) to the corresponding
constraint (i.e., the constraint which contains 1 in the column) of (1), the above theorem
is always satisfied. Q.E. D

The implication of this proposition is that if constraint set (4), which is relatively small
in size in comparison with (1), (2) and (3), is not binding, the ordinary LP solution to
the problem is naturally integral.

Total unimodularity 18 a necessary and sufficient condition to have all integer extreme
points no matter what the RHS vector may be. (Total unimodularity is a sufficient con-
dition to have all integer extreme points for problems with a given RHS.) What we are
interested in is a necessary and sufficient condition to have all integer extreme points for
problems with a given RHS. Berge [8] shows that any submatrix of a balanced matrix
has this property against RHS of all 1’s and yet it is not a totally unimodular matrix. A
matrix which is neither totally unimodular nor balanced and nevertheless has the property
that all basic feasible solutions to the LP with RHS of 1's are integral exists—a perfect
matrix. Padberg [44,45] gives a characterization of a perfect 0-1 matrix; unfortunately
the identification of a perfect matrix is as computationally difficult as solving an equiva-
lent ILP problem itself in an operational sense. Note that a perfect matrix is also a
sufficient condition to have an integer optimal solution for problems with given objective
function.

In summary, we have;

Totally Unimodular Matrix =>> Balanced Matrix => Perfect Matrix =>> Integer
Optimal Solution.

As we can see from the above, total unimodularity is, in general, too strict a condition
for having an integer optimal solution

Now we try to answer the question of what special structure of the problem other
than total unimodularity enables an LLP to generate integer solutions. Two of the special
cases are. 1) as discussed earlier, the constraint set (4) is not binding (not in the basis),
and 2) in the case that the constraint set (2) is not binding, then that the constraint
matrix is balanced [8] (or more strictly speaking, perfect [44,45]) is sufficient to have

an all integral basis, which is a much weaker requirement than total unimodularity.
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However it is very difficult to expect that any of the above cases are met in real pro-
blems. Nonetheless the test problems were all natural integer solutions.

Definition-3[15]; A square matrix A of order k with coefficient a:;&= {0, 1) is called
eulerian if Ei:a;,-EO(mod 2) V j and ;(li,‘ =0(mod 2) V 1.

Theroem~4[15]: Let A be an mXn matrix with coefficients a;;&= {0, +1}. A is totally
unimodular if and onlf if A does not contain any non-singular eulerian submatrix.

Now we are in the position to pressent the following property concerning the
problem(P)

Property-5. Let A; be an mXn matrix with coefficients of constraint (2),(3) and
(4) and A be a (m+4%)Xn matrix made up by adding & constraints of (1) to A;. A is.
totally unimodular if and only if A; is totally unimodular.

Proof: (Sufficiency) By the definition of total unimodularity, Ai is totally unimodular
if A is totally unimodular since A; is a submatrix of A.

(Necessity) The constraint set (1) itself is totally unimodular since it has only one
entry, -+1, per column. The only case in which A is not totally unimodular when 4; is
totally unimodular is when A; is totally unimedular is when A and constraint (1) consist
of a non-singular eulerian sub-matrix according to the Theorem~4. However, the con-
straint (1) and Aj can never make up an eulerian matrix since constraint (1) is coupled

only by the 7 subscript (time slot) and constraints (2), (3) and (4) are coupled only by
the 7 subscript (course). Q. E.D.

In other words the constraint set (1) never affects the solution in terms of not gener-
ating interger solutions, and yet it is always in the basis since the constraints are equality
constraints. In fact the constraint set (1) aids to generate integer solutions even when
the constraints (2), (3) and (4) contain non-singular eulerian submatrices. It may be
considered that constraint set (1) functions as a cut. This will be explained later. Pro-
perty 5 also proves the proposition 2, that constraints (1), (2) and (3) have a totally uni-
modular property, since constraints (2) and (3) can always by transformed into a net
work which, of course, is totally unimodular.

Now we can limit ourselves to considering only the cases of non-singular eulerian sub-
matrices composed of (2), (3) and (4), instead of the full constraint matrix of (P).
Theorem~6. A constraint set F(b)={x|Ax<b, b&linteger}, vyields all integer extreme

points (we assume F(b)#¢) if and only if every basis matrix B such that B™1 6220, does
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not contain any non-singular eulerian submatrix of A.

Proof: (Sufficiency) From Theorem 4, immediate. (Necessity) Every feasible basis is
totally unimodular since it does not contain any non-singular eulerian matrix. Hence B-1
will-contain only {0, =1}.. Therefore B! b is an integer vector since b is assumed to be
integer. Q. E. D.

Alstronger condition -to insure all integer extreme points for the problem (P) follows.
Property~7. (P) has all-integral -solutions if and only if (P) does not have at least two
non-singular eulerian matrices in the basis, each of which comprises the same set of j
subscripts  (course).
Proof: Instead, we - prove _that it is not possible to have only one non-singular
eulerian matrix in the basis. i) The constraint set (1) must be in the basis for (P) to be feasi-
ble, and since we assume only one non-singu}lar eulerian matrix, all variables which corres-
pond to the non-singular eulerian matrix must be 1. ii) To have a non-singular eulerian
matrix in the basis, the basis must contain at least one constraint from the constraint
set (4), since otherwise it is totally unimodular. The constraint which came from (4)
contains at least two entries for it is part of the eulerian matrix. The RHS of constraint
(4) 13 1; therefore, all the variables in (4) can not have 1. i) and ii) contradict, hence
the property holds. Q. E.D.

The non-existence of at least two non-singular eulerian matrices in the basis is a suf-

ficient condition to have an optimal integer solution for a given RHS.

V. IMPLEMENTATION AND COMPUTATIONAL EXPERIENCE

Two algorithms, based on the (1) Network-based branch and bound approach and
the (2) LP-based method Chereafter we refer to Approach-1 and Approach-2 respective-
ly), have been programmed and tested for the case of GSM, UCLA.

A run chart is shown in Figure 2. The EDIT program includes the following problem
reduction procedures.

Some professors teach only one course, thus constraints from (3), professor conflict,
can be dropped for those professors since there will be no time conflict. Likewise, for
those student groups who require just one course and the rest are electives, constraints
(4), student conflict, can be dropped. For various reasons, certain time-slots of a parti-

cular classroom (or faculty member) are reserved for specific purposes; we do not define
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variables for these time-slots instead of setting them to zeros.

The following reduction rule is implemented. Let M be the row index set of A where

A is the coefficient matrix. Let a: be the i~th row of A. If for some i, 4&=M, a> a

then we can remove row k& by redundancy. This rule can only be applied to constrains

(8) and (4). For constraint set (2), if |R/|<ci ¥ 7,1, we can drop the 7 ! constraint

{Figure 2)
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since they are never binding. Other reduction rules which are somewhat more expensive
to implement can be found in [5,22]. EDIT al:o does the following cheap feasibility
checks:

i) Facility capacity: |R/|>2cu V {

ii) Professor and student conflict: |F /> 17| ¥V » and [SJ >|1] V =
‘The problem is infeasible if any of the above conditions are met,
After assigning courses to time slots, the SOLVER assigns courses to facilities by sol-
ving ¢ (t is the number of time slots, [I|) separate transportation problems.
Minimize %:;Cjkl‘jk
=10, 1)
Subject to Z;.’xﬂ.=1 vV J
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2aipzip=fu V i=1—1t, kk;
7
Qaip=1V Jj, kEk;)
13
where cj: denotes disutility, subscripts 7,5 and % represent time slot, course, and facility

d
respectively. cjx was derived from a quadratic utility function (cjp=a(si—s;)%/s;) where
a is a constant, S; is the seating capacity of the correct size facility for coursej).
fix denotes availability of facility & at time 7 (1 if available, 0 otherwise). The problera

separates into ¢ independent transportation problems (7%). The case of i=1 is depicted

in Figure 3.

(Figure 3>

N1 is the facility node set and N2 is the course node set. Nodes m+1, and m+-2 denote

super source and super sink respectively and are (m)—(m+2) represents a slack arc.

The programs were written in ANSI FORTRAN for problems with up to 150 courses,

# 10 time slots, 20 classrooms, 100 professors, and 30 student groups. Approach~1 and -2
take 200K and 360K 32-bit words of core storage respectively.

Three real problems (Table 1) were solved.

Table 1. Test Problems

Problem % of £# of # of # of # of

ID | Courses Facilities Timeslots Variables Constraints
Prob-1 115 13 9 1035 1007
Prob-2 125 13 10 1250 1256
Prob-3 125 13 10 1250 1257
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For Prob-1, randomly genarated numbers 1 through 9 were used as preference ratings
and actually surveyed preference ratings, measured on the same 1-9 scale, were used
for Prob-2.

The computational results are shown in Table2 (in seconds of CPU time on the IBM
360/91).

Table 2. Computational Results

Approach-1 (Network-based) Approach-2 (LP-based)
#of
CPU Sol’n* #of Feas. CPU Sol'n* Hof
Time Value Iter. Sol'n Time  Value Pivots
Prob-1 1.45 269 43 1 2.49 251 277
23.75 262 661 4
Prob-2 45.21 375 1121 1 15.18 369 933
Prob-3** 60. 00*** — 1692 4] 11.44 — 806

* Objective function coefficients are measured on 1-9 scale

** Problem is infeasible

*¥* Terminated by time limit
Prob-3 was infeasible. Unfortunately the solution to Prob-1 and Prob-2 were natural
integers so these results do not provide much insight into non-integer problems. Howev-
er, we can conclude Approach-2 would be far superior to Approach-1 even for non-
natural integer cases since we do not except many non-singular eulerian matrices in the
basis ag discussed in Section III. Approach-1 can produce feasible solutions quite rapidly
if the problems are not overly constrained, as in the case of Prob-1, but it 13 worse in
detecting infeasibility. The capability of producing feasible solutions early if a problem
is not strictly constrained comes partly from the efficiency of the network code (GNET
{117) used.

The quality of the schedule is very encouraging. The average preference ratings (per
course) of the optimum schedules were approximately 2.2 and 3 for Prob-1 and Prob-2,
respectively. (Note that many preference coefficients for those courses whose professors
did not have preference (34% of faculty) were set to 5 in Prob-2. ) Recall that prefence was
measured on a scale of 1 through 9, the lower the rating the more desirable the time
" slot. The facility utilization ratio (total assigned classroom-timeslots/total available class-
room-timeslots) for the two problems were about 98% and 96%.

An attempt was made to generate a real problem with non-natural integer solution but
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it did not succeed. This strongly supports the fact that the problem is amenable to soluti

on by any efficient LP as discussed in Section III

V. CONCLUSION

The class scheduling problem has long been noted and studied, and yet there have not
been any successful analytical approaches to realistic problems, primarily due to the iram-
ense problem size and the integer requirement. However, this study reveals that the
problem can rather easily be approached, at least for even time slot problems, through
an ordinary ILP with a GUB handling capability. It is rendered solvable due to the fact
that, for the most part (constraints (1), (2) and (3)), the problem matrix has the totally
unimodular property and the existence of GUB constraints, Note that total unimodularity
is a sufficient condition to have all integer extreme points for the problems with given
RHS. Hence, even though the whole problem matrix does not possess total unimodularity,
the problem may have all integer extreme points (or conservatively an integer optimal
solution) as it was for the test problems.

Future study must focus on the characterization of a ‘perfect’ matrix—a necessary and
sufficient condition to have an all integral basis for given RHS. Methods of scheduling
multi-period (uneven time slot) lectures and university-wide scheduling of classes must also

be resolved in order to be of full practical value.
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